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Abstract

We develop a new algorithmic framework for learning Boolean concept classes under arbitrary
logconcave distributions. Our framework applies to broad families of multi-index models and
yields significantly faster robust learners than were previously known in these settings. It also
extends naturally to the settings of partial classification and testable learning. As consequences,
we obtain substantially improved learners for several fundamental concept classes, including
functions of halfspaces and multiclass linear classifiers, under logconcave marginals.

Our starting point is a conceptually new boosting framework based on weak partial learners.
Classical boosting-based approaches either require distribution-free weak learners, which are often
computationally intractable, or yield only weak approximation guarantees. We show instead
that it suffices to design weak learners for partial classification problems, where labels may be
undefined on a nontrivial fraction of the domain. This provides a robust and computationally
tractable route to strong agnostic learning guarantees. The main technical challenge is that
boosting requires a weak learner that succeeds under conditionings of the initial distribution
that are not guaranteed to be logconcave. To address this, we develop a recursive moment-based
partitioning procedure: given a logconcave distribution X and a conditional version X', we
partition the space into polynomially many convex regions so that, on most regions, the low-
degree central moments of X and X' approximately agree. We show that in any good region, a
well-behaved multi-index model will correlate with a low-degree polynomial, which provides a
weak hypothesis on that region. Combining these weak hypotheses over the regions yields the
required weak learner.

A key ingredient of our approach is an efficient method for detecting moment discrepancy.
Specifically, we show how to find a low-dimensional subspace that captures any non-trivial
discrepancy between X and X', if one exists. Our approach combines spectral analysis of
moment tensors with recent progress on isoperimetry for logconcave measures. This discrepancy-
finding procedure may be of independent interest.
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1 Introduction

The main motivation of this work was to develop efficient learners for fundamental classes of
Boolean functions—including multiclass linear classifiers and intersections of halfspaces—under mild
distributional assumptions and potentially in the presence of adversarial label noise. In the process,
we developed a new general learning algorithm that is both label noise-tolerant and significantly
more efficient than state-of-the art. Before we describe our contributions in detail, we start with
some background on specific settings that motivated this work.

Multi-Index Models and Efficient Learnability A Boolean function is called a Multi-Index
Model (MIM) if it depends only on the projection of its inputs onto a “low-dimensional” subspace.
Formally, we have:

Definition 1.1 (Multi-Index Model). A function f : R¢ — Y is called a K-MIM if there exists
a subspace U C R? of dimension at most K such that f depends only on the projection onto U,
i.e., f(x) = f(projyx), where proj;x is the projection of x on U. Equivalently, f is of the form
f(x) = g(Wx) for a link function g : RX — Y and a K x d weight matrizc W.

In several settings of interest, the dimension K of the hidden subspace is significantly smaller
than the ambient dimension d and is often thought of as bounded above by a constant. Throughout
this work, we focus on the case that the range of our functions is discrete, in most cases Boolean.

Multi-index models [FJS81, Hub85, Li91, HL93, XTLZ02, Xia08] are motivated by the typical
assumption that real high-dimensional data are inherently structured, specifically that the relationship
between the features is of a lower-dimensional nature. MIMs capture several well-studied concept
classes, both discrete and real-valued, including halfspaces, functions of halfspaces, multiclass linear
classifiers, low-dimensional polynomial threshold functions, and natural classes of neural networks.
The efficient learnability of each of these concept classes has been a topic of intense investigation in the
theoretical computer science and machine learning communities over several decades. More recently,
there has been a flurry of research activity aiming at developing general algorithmic techniques that
are applicable to broad families of MIMs—albeit under strong distributional assumptions. This
progress notwithstanding, our understanding of the complexity of learning MIMs (both for specific
special cases and in more general settings) remains limited. This motivates the general research
direction explored in this work:

Can we develop efficient and noise-tolerant learners for broad classes of MIMs
under mild distributional assumptions?

Our main result answers this question in the affirmative, when the underlying distribution is
logconcave and the labels are adversarially corrupted. Additionally, our algorithmic results extend
to partial classification and to the testable learning framework.

For concreteness, we define agnostic PAC learning under logconcave distributions.

Definition 1.2 (Agnostic Classification under Logconcave Marginals). Let ) be finite and H be a
class of functions from R? to Y. Given i.i.d. samples (x,y) from a distribution D on R% x Y such
that (a) the x-marginal, Dx, of D is an unknown logconcave distribution, and (b) no assumptions
are made on the labels, the goal is to output a hypothesis h : R® — Y that, with high probability, has
small 0-1 error errp(h) == Pr(x ~plh(x) # y|, as compared to the optimal 0-1 error of the class H,

i.e., optp(H) = inf pep errp(f).
To demonstrate the limitations of current techniques, we next discuss the state-of-the-art for
three basic learning tasks.



Example 1: Robustly Learning Halfspaces A halfspace is any function h : R? — {1} of the
form h(x) = sign(w - x + t), where w € R? and t € R. The task of learning halfspaces is one of the
most extensively studied problems in machine learning [Ros58, Nov62, MP68, FS97, Vap98, STCO00].
While halfspaces are efficiently learnable in the distribution-free (realizable) PAC model [Val84|
(see, e.g., [MT94]), the algorithmic problem becomes computationally intractable in the presence of
adversarial label noise [Dan16, Tie23|. This has motivated a long line of work on developing efficient
robust learners under natural distributional assumptions. For the special case of homogeneous
halfspaces (corresponding to zero threshold), [ABL17| gave a poly(d/e) time learner with error
O(opt) + € under logconcave marginals, where opt is the optimal error in the class'. The efficient
learnability of general (i.e., not necessarily homogeneous) halfspaces under logconcave marginals
has remained open since. For the special case of Gaussian marginals, [DKS18, DKTZ22, DKM24]
gave an efficient constant-factor approximation. However, for the general logconcave case, the best
known efficient algorithm achieves error Q(opt'/2) + ¢; see, e.g., [DKS18|. On the other hand, the
Li-polynomial regression algorithm [KKMS08| achieves optimal error of opt + ¢ with sample and

poly(1/e€)

computational complexity d? . Concretely, this leads to the following open question.

Open Question 1. Is there a robust learner for general halfspaces under logconcave marginals
with error O(opt) + € beating the complezity of polynomial regression?

As a corollary of our general algorithmic approach, we answer this question in the affirmative
(see Theorem 1.4).

Example 2: Learning Intersections of Halfspaces An intersection of K halfspaces is any
function f : R — {41} for which there exist K halfspaces h;(x) = sign(w(®.x+t;) such that f(x) =1
if and only if h;(x) = 1 for all 4 € [K]. In sharp contrast to the special case of a single halfspace, our
understanding of the efficient learnability of this class remains limited—even for K = 2 and in the
presence of clean labels. Specifically, even for this special case, it remains a major open question
whether efficient learning is possible in the distribution-free setting. The best known distribution-free
algorithm requires sub-exponential time [APS26] and prior work has given plausible evidence of
hardness; see, e.g., [KS08, She09]. On the other hand, for K = O(1), efficient learners have been
developed with respect to natural distributions, including the Gaussian and the uniform distribution
on the hypercube; see, e.g., [BK97, KOS04, AV06, KS04, KLT09, Vem10b, Vem10a, DMRT25a|. One
of the strongest known results [Vem10b] (see also [KLT09]) gives an efficient (realizable) algorithm for
any constant number of halfspaces under logconcave distributions assuming all component halfspaces
pass through the mean of the distribution *. The only known upper bound for the general case—even
for clean labels—is the Li-polynomial regression method, which incurs sample and computational
complexity a2 e, Concretely, this leads to the following open question.

Open Question 2. Is there a learner for intersections of two halfspaces under logconcave
marginals beating the complexity of polynomial regression?

As a corollary of our general approach, we answer this question in the affirmative (see Theorem 1.5).
As a bonus, our algorithm succeeds for any function of K = O(1) many halfspaces, and is robust to
adversarial label noise (achieving any desired constant factor approximation).

LA constant-factor approximation is best possible for fully-polynomial time algorithms, due to known intractability
results even for Gaussian marginals [DKPZ21, DKR23|.
2This is an important assumption without which their algorithmic approach fails.



Example 3: Robust Multiclass Linear Classification A Multiclass Linear Classifier (MLC) is
any function f : R? — [K] of the form f(x) = argmax;e g (w@ . x+1t;) , where w() € R? and t; € R.
Multiclass linear classification (MLC) is a textbook machine learning problem [SB14] generalizing
the task of learning halfspaces (corresponding to K = 2). In the realizable PAC model, this task
is efficiently solvable to any desired error € with sample size O(dK/e) via linear programming. On
the other hand, despite extensive interest, see, e.g., INDRT13, WLT18, LWS18, SKP*20, GWBL20,
DMRT25b, DIM26|, our understanding of the computational complexity of learning remains limited
in the presence of adversarial label noise. The recent result [DIKZ25| gave an algorithm that succeeds
under the Gaussian distribution, has complexity poly(d)?pOIY(K/ 9 and guarantees error of Copt + e,
for some universal constant C' > 1. Note that the Gaussianity assumption is crucial. Moreover,
the underlying complexity scales exponentially with both K and 1/e. As in previous examples,
for logconcave distributions, the only known algorithm is Li-regression which incurs complexity
dPo(K/€) even under the Gaussian distribution. Concretely, this leads to the following open question.

Open Question 3. Is there a robust learner for K-MLC under logconcave marginals beating
the complexity of polynomial regression?

We answer this question in the affirmative (see Theorem 1.6). Specifically, we give two algorithms
for this task: the first algorithm achieves error O(Kopt) + € and runs in poly(d, K, 1/¢) time, and
the second achieves error O(K) opt + € with sample complexity poly(d, K, 1/¢) and running time
poly(d) gpolylog(K/e)

1.1 Owur Results

Before we state our algorithmic contributions in detail, we emphasize that all our upper bounds
in this work are obtained via a single unified algorithm. In Section 1.1.1, we describe our general
algorithmic result that is applicable to a broad family of MIMs, and its testable learning extension.
In Section 1.1.2, we describe some concrete algorithmic implications for fundamental concept classes.

1.1.1 General Algorithmic Result

Our algorithm can be used to learn essentially any non-pathological K-MIM, although its sample and
computational complexities will depend on some complexity measure of the underlying concept class.
In particular, we can learn any function that admits L;-sandwiching polynomials (see Definition 7.8)
with respect to any logconcave distribution. Results of [KKM13] imply that this applies to any
function with bounded effective surface area.

Theorem 1.3 (Robust Learner for General MIMs, Informal). Let H be a family of K-MIMs over
R, admitting Li-sandwiching polynomials achieving error ¢ > 0 with degree { = £(c). There
is an algorithm such that for any distribution D over R% x {41} with Dy logconcave, and any
€ € (0,1), it has the following behavior: the algorithm draws poly,(d)polyk .(1/€) samples from D,

it runs in time polyg(d)2p°1ylogf<ve(1/€), and with high probability outputs a hypothesis h such that

~

errp(h) < (1+0(c))optp(H) +e.

The reader is referred to Theorem 7.9 in Section 7.3 for the detailed formal statement that also
covers the partial learning setting. For our other generic families of functions covered by our main
result, see Theorem 7.4 in Section 7.2.



Discussion We now provide a few remarks regarding Theorem 1.3. First, we note that our general
MIM family includes a range of well-studied concept classes, including arbitrary functions of K
halfspaces, K-dimensional constant degree PTFs, and others. Specifically, all of these classes admit
sandwiching polynomials whose degree £ is only a function of K and the desired accuracy. Therefore,
as long as K = O(1), Theorem 1.3 implies a constant-factor robust learner for each of these classes
with sample complexity poly(d/e) and computational complexity poly(d)2reiylos(l/e),

An additional feature of our result is that (for concept classes with the Li- sandwiching property)
we can obtain any desired constant factor approximation by increasing the complexity by a polynomial
factor. In particular, this allows us to obtain a Quasi-PTAS for the agnostic learning task (with
quasi-polynomial dependence on € in the runtime). It is also worth noting that our general algorithm
is implementable in the Statistical Query (SQ) model [Kea98] with complexity (i.e., number of
queries and inverse of accuracy) polyy(d/e€). The quasi-polynomial dependence on € in the runtime
is due to a brute-force search over a space of dimension polylog (1/€).

Extension to Testable Learning Interestingly, the algorithm establishing Theorem 1.3 also
applies to the testable learning framework of [RV23], as long as the marginal logconcave distribution
is known to the algorithm. In testable learning, the goal is to be able to test whether the underlying
distributional assumptions for your algorithm are met (or met well enough) rather than having to
assume them. In particular, a testable learner should consist of (see Definition 6.1) a tester-learner
pair satisfying the following properties: (a) if the tester accepts, the learner outputs a hypothesis and
a certificate that it achieves near-optimal error, and (b) it is highly unlikely that the tester rejects if
the data satisfies the underlying distributional assumptions. The reader is referred to Theorem 6.2
in Section 6 for our generic testable learning result. This result provides significantly more efficient
testable learners for a range of concept classes with near-optimal error guarantees.

Extension to Partial Learning Furthermore, our results also apply to agnostic partial learning, a
stronger but natural extension of the standard agnostic learning setting. In agnostic partial learning,
we receive samples (x,y) from a distribution D over R? x {0, £1}, with logconcave marginal, where
a sample with ¥ = 0 can be thought of as an example that goes unclassified. The goal of an agnostic
partial learner is to output a hypothesis that does well over the examples that are classified in our
data. In other words, even if only a small fraction of the examples are classified (whose marginal is
logconcave conditioned on an event with a suitably small probability), our algorithm is still able to
learn well with the same complexity.

1.1.2 Algorithmic Applications for Concrete Concept Classes

Our first algorithmic application is for the task of robustly learning general halfspaces under
logconcave marginals, thereby answering Open Question 1 in the affirmative.

Theorem 1.4 (Robustly Learning General Halfspaces). Let H be the class of halfspaces on R%. There
are two algorithms for learning distributions D over R? x {£1} with unknown logconcave x-marginal
Dy. Each draws poly(d/e) samples from D, and has the following performance guarantees:

1. The first algorithm runs in time poly(d/e) and with high probability outputs a hypothesis with
error O(opt) + €, where opt = optp(H).

2. The second algorithm runs in time poly(d)deylog(l/ ) and with high probability outputs a hypothesis
with error Copt + €, where C' > 1 is a universal constant.

The reader is referred to Theorems 7.14 and 7.15 in Section 7.5 for more detailed formal statements
that also cover the partial PAC learning setting.



Moreover, the testable version of Theorem 1.4 answers another basic open problem in the literature.
Specifically, even for the special case of Gaussian marginals, the best known polynomial-time error
guarantee for testable learning of halfspaces was Q(y/opt) + € [DKLZ24]. Our learner works for any
fixed logconcave distribution and achieves near-optimal error of O(opt) 4 € (or O(opt) + € with a
quasi-polynomial time dependence on 1/¢).

Our second algorithmic application is for the task of learning functions of halfspaces under
logconcave marginals, thereby answering Open Question 2 in the affirmative.

Theorem 1.5 (Robustly Learning Functions of Halfspaces). Let Hy 4 be the concept class of
functions of K halfspaces on RY. There is an algorithm that for every distribution D over R x {41}
with unknown logconcave x-marginal Dx and any given ¢ > 0, draws polyg .(d/e) samples from
D, runs in time polyKyc(d)2p°1y1°gK16(1/6), and with high probability outputs a hypothesis with error
(1 + c)opt + €, where opt = optp(Hi,d)-

The reader is referred to Theorem 7.12 in Section 7.4 for a more detailed formal statement that
also covers the partial PAC learning setting.

We emphasize that the upper bound of Theorem 1.5 is new even for the very special case of
learning intersections of two halfspaces in the realizable PAC model (i.e., K = 2 and opt = 0). As a
bonus, the upper bound applies to any function of any constant number of halfspaces and is robust to
adversarial label noise. Specifically, for K = O(1) we obtain a constant factor approximation to the
optimal error with sample complexity poly(d/e) and computational complexity poly(d/e)2preylos(1/e).
Moreover, we can achieve a factor (1 4+ ¢) approximation, for any desired parameter ¢ > 0, by
increasing the complexity as a function of c.

Our third algorithmic application, obtained via a refinement of our generic technique, is for the
task of robustly learning multiclass linear classifiers under logconcave marginals, thereby answering
Open Question 3 in the affirmative.

Theorem 1.6 (Robustly Learning Multiclass Linear Classifiers). There are two algorithms for
learning the concept class Mg 4 of K-MLC on R?. Each algorithm draws poly(d K /e) samples from
a distribution D over RY x [K] with unknown logconcave x-marginal Dy, and has the following
performance guarantees:

1. The first algorithm runs in time poly(d K/e) and with high probability outputs a hypothesis with
error O(K) O(opt) + €, where opt = opt (Mg q4).

2. The second algorithm runs in time poly(d)2p°1y1°g(K/ 9 and outputs a hypothesis with error
O(K)opt + .

The reader is referred to Theorem 7.21 in Section 7.6 for a more detailed formal statement
that also covers the partial PAC learning setting. For comparison, the prior work [DIKZ25| gave
an algorithm for the special case of the Gaussian distribution with complexity poly(d)QPOIY(K/ ),
and error of O(opt) + €. Our algorithm achieves a somewhat weaker robustness guarantee with
substantially better complexity and under much weaker distributional assumptions.

1.2 Technical Overview

In this section, we give a detailed overview of the techniques developed in this paper.



Result ‘Function Class Distribution|Time Complexity ‘Error Notes
L;-sandwiching ot vl 1 .
Theorem 7.9 Logconcave — |dOW(e))gpolylogx . (1/¢) (14 c)opt + € Partial, Testable
K-MIMs
L1-A imabl
[KKMSO0§] 1APPrOImabe General dote) opt + €
Classes
Functions of 1l (1) .
Theorem 7.12 Logconcave  |poly . (d)2Pe¥1osx.c(1/9) (1 4+ c)opt + ¢ Partial, Testable
K Halfspaces '
Functi f poly (K /c
[KKM13] HIEHIons 0 Logconcave |d2""”"" opt + €
K Halfspaces
Int tions of K |Isotropi
[Vemlob] | o occHonso SOMOPIC 0 (dKc o) K ¢ Realizable
Centered Halfspaces |Logconcave
Intersecti f K -
[DKS18] Herseetions © Gaussian | poly(dK/e) + (K/e)OK) |O(K4/ Mopt!/11) + ¢
General Halfspaces
Int ti f K .
[DIKZ25] HICISECHONS © Gaussian poly(d)2roy(K/e) KO(opt) + ¢
General Halfspaces
Theorem 7.21| K-MLC Logconcave |poly(dK/e) O(Kopt) + € Partial, Testable
[DIKZ25] K-MLC Gaussian poly (d)2rey (K/€) O(opt) + ¢
Theorem 7.15|General LTFs Logconcave |poly(d/e) O(opt) + € Partial, Testable
[ABL17] Homogeneous LTFs |Logconcave |poly(d/e) O(opt) + €
- O(opt
[DKS18] General LTFs Logconcave |poly(d/e) Q(opt'/?) + € (opt) + ¢
Gaussian
[DKLZ24] General LTFs Gaussian poly(d/e) O(opt!/?) + ¢ Testable

Table 1: Summary and comparison of some of our results on agnostic learning under logconcave
distributions. All our theorems listed in the table have sample complexity polynomial in d/e with
degree depending on K, ¢, or /(c).

Weakly Learnable Classes A natural method to address such learning problems is the method of
moments. We note that for nice families of distributions, there always exists a low-degree polynomial
p so that its correlation with the optimal hypothesis h*, E[p(x)h*(x)] is not too small. As we can
easily compute moments of D, it is not hard to find such a p if it exists. Furthermore, thresholding
this polynomial can be used as a weak learner—a method to produce a hypothesis with error rate
slightly less than 1/2. Furthermore, this weak learner can be made robust in two ways. For one,
as long as the noise level over the input distribution D is not too large, p(x) also has non-trivial
correlation with the noisy label gy, and thus yields a weak hypothesis over D. Furthermore, one
can often somewhat relax the condition on the marginal distribution. In particular, so long as the
marginal is “close” to logconcave in a reasonable sense, that should suffice to produce this weak
learner. In particular, for our purposes, it will be enough to have a distribution whose central
moments nearly match those of a logconcave distribution. These observations inspire us to consider
a broad family of classes, formalized in Definition 2.7 and termed (k, A, 8, C)-weakly learnable
classes. Roughly speaking, a class is weakly learnable if given any distribution D with low noise
rate, whose first k£ central moments approximately match those of some logconcave distribution,
one can efficiently compute a hypothesis whose error is slightly better than 1/2. As we will see in



Theorem 7.4, essentially any reasonable class of multi-index models satisfies this assumption for
some setting of the parameters.

Agnostic Partial Learning and Boosting from Weak Partial Learners Given that we
assume above that our function class has some kind of weak learner, it is natural to attempt to use
a boosting algorithm to strengthen this to a stronger learner. Unfortunately, in order for boosting to
work, one typically needs a weak learning algorithm that works not just over the original marginal
distribution, but also over the marginals of distributions used by the boosting algorithm, which can
be much less structured than a logconcave distribution. Fortunately, if we use a smooth boosting
algorithm, see, e.g., [Ser03, Gav03, Fel10, KK09|, these marginals will always consist of the original
distribution conditioned on some not-too-unlikely event (see Fact 3.3). This motivates us to consider
a stronger but natural generalization of the original problem that we term agnostic partial learning
(see Definition 2.3). In agnostic partial learning, we receive samples (x,y) from a distribution D
over R? x {0, 41}, with logconcave marginal, where a sample with y = 0 can be thought of as an
example that goes unclassified. The goal of an agnostic partial learner is to output a hypothesis
that does well over the examples that are classified in our data. We show that, to do boosting, it
suffices to have a weak partial learner (see Definition 3.1). That is a learner that will always return
a hypothesis with error somewhat less than 1/2 when given a partial classification problem with error
not too big and the fraction of non-zero labels not too small. In Theorem 3.2, we show that given a
weak partial learner that works when the noise rate is less than 1/C, we can use it to produce a
hypothesis with error (C'/2)opt + e.

Efficient Weak Partial Learning via Space Partitioning and Discrepancy Finder Unfor-
tunately, even if our function class is itself weakly learnable, this does not mean we can immediately
obtain a weak partial learner. This is because if we let x and x’ be the marginals over all samples
and over classified samples, respectively, we are not guaranteed that they have nearly matching
moments. Without this property, it is not clear that our class being (k, A, 3, C')-weakly learnable
suffices to produce a weak hypothesis. As a result, simply running a weak learning algorithm on the
classified data does not in general suffice. This would only work if x and x’ had nearly matching
central moments.

So what can we do if these moments do not match? In this case, there must be a direction v and
an integer i < k such that the expectations of (v-x)® and (v -x’)? substantially disagree. This means
that the distributions of (v - x) and (v - x’) must be somewhat different. This, in turn, implies that
if we can find such a direction v through some efficient algorithm—that we term discrepancy finder
(see Definition 4.1)—then we can split the entire space into two halves such that the fraction of
classified samples differs substantially across halves. After the split, we can recursively run the above
procedure over each half until a direction with moment discrepancy cannot be found; or we reach a
part, where the probability that x’ falls into it is too small. By doing this repeatedly, we partition
the whole space into many convex regions R, with Pr[y # 0 | R] starting to become more and more
extreme. However, since x’ is obtained from x by conditioning on some event of probability «, the
ratio Pr[x’ € R]/Pr[x € R] will never exceed 1/a. This fact, along with a careful analysis of the
partitioning scheme, allows us to show that we end up with a polynomial number of regions, so that
most of the mass of x belongs to regions where the conditional moments of x and x’ nearly match
(see Lemma 4.5). As a result, by calling the two algorithmic modules—namely, the weak learner and
the discrepancy finder—polynomially many times, we get a weak partial hypothesis over D, as long
as the noise rate is not too high and the mass of non-zero labels is not too small (see Theorem 4.2).



Discrepancy Finder under Logconcave Distributions via Dimension Reduction Given
the discussion thus far, we already have the ideas necessary to design an efficient robust learning
algorithm in the Statistical Query model, where given the moments of x and x’ we can existentially
determine if there is a direction of significant mismatch. Unfortunately, computational difficulties
arise in designing an actual algorithm for the discrepancy finder. In particular, given distributions
x and x’, the discrepancy finder is asked to either certify that (v - x) and (v - x’) approximately
match their moments for each v, or to find a direction v, in which these moments differ substantially.
While it is not difficult to approximate the expectation of (v -x)* — (v-x/)* as an explicit polynomial
in v, finding an approximate maximum of this polynomial is believed to be computationally hard
in general. Fortunately, the structure of the distributions in question will allow us to build such
a discrepancy finder in quasi-polynomial time (see Theorem 5.1). We provide an overview of our
algorithm to do so in the following paragraphs.

Our first observation is that if x is sampled from a logconcave distribution and x’ is x conditioned
on an event of probability at least «, then their moments cannot differ arbitrarily. In particular,
we show in Lemma 5.7 that there must be a degree-k polynomial ¢ with relatively small Lo norm
over x such that for any degree-k polynomial p, E[p(x)Q(x)] = E[p(x) — p(x’)]. How can we exploit
this fact? For the purpose of motivation, we first cover the simpler case where x is drawn from a
standard Gaussian distribution. In this case, we can expand Q(x) in the Hermite basis, yielding a
sequence of tensors T, ..., Tj with small Frobenius norm, so that for every v € S%~! we can write
Exp,[Q(x)(V-x)*] as a linear combination of Ty, - v for i € [k]. Then, viewing T; as a bilinear
form over R¢ x Rdzil, and using a singular-value decomposition, one can efficiently find a subspace
V' (of poly(log(1/a)/A) dimension) so that the moment-discrepancy in any direction u is not too
much larger than the discrepancy in the direction v = projy-(u). We can then spend time 20(dim(V))
(which is quasipoly(1/a) if A is constant) to do an exhaustive search over V for directions of large
discrepancy.

Unfortunately, the above argument critically exploits many features of the Gaussian distributions
(such as the fact that moments in orthogonal directions are independent) that do not hold for a
general logconcave distribution. However, the basic idea of dimension-reduction can still be made
to work. In particular, we wish to find a subspace V with a not-too-large dimension so that the
maximum of the multi-linear form E[Q(x) Hle(u(i) . x)] over any unit vectors u®® is at most a
constant multiple of the maximum of E[Q(x) Hle(v(i) -x)], with v(¥ € V' plus a small error A (see
Lemma 5.5). We achieve this in two steps. First, we notice that E[Q(x)p(x)] (as a linear function of
p(x)) can be written as a linear function of the expectations of p’s derivative Vip(x). Making use
of recent progress on the KLS conjecture, we can show that the size of the corresponding tensors
cannot be too large. Combining this fact with a spectral analysis, we give an efficient algorithm
(see Lemma 5.4) to find a subspace U so that if all of the vectors u(?s are orthogonal to U, then
E[Q(x) Hle(u(i) - x)] is absolutely small.

The next step is to use this as a subroutine to recursively build our target subspace V. To do
this, we decompose u = ug) +u') . This allows us to decompose E[Q(x) Hle(u(i) -x)] into 2%

U
terms E[Q(x) Hle(v(i) - x)], with each v( either in U or in UL. As a result, we only need to
consider the case where one of the vectors is in U. Let gV, ..., g™) be an orthonormal basis of U.

If we apply the subroutine in the first step to Q(x)(g(® - x) for each 4, this allows us to get another
subspace U’ such that when each u® is orthogonal to U’, then E[Q(x)(g® - x) Hf;ll(u(i) - x)]
is small. In particular, this means that if u® € U and u®@, ..., u® are orthogonal to U’, then
E[Q(x) Hle(u(i) -x)] will be small. By repeating this approach for k iterations, and taking V as
the span of the subspaces found in the process, we obtain that the maximum E[Q(x) H?Zl(u(i) - X)]
will not be much larger if all the unit vectors are taken from V. This completes the overview of the



analysis of our learning algorithm.

Algorithmic Application (I): Generic Family and Learning via Sandwiching Polynomials
To make use of our algorithm template, it remains to show that there are natural function classes that
satisfy our condition of being (k, A, 8, C')-weakly learnable for some reasonable sets of parameters.
In particular, we argue that essentially any non-pathological family of K-MIMs is (k, A, 3, C')-weakly
learnable for an appropriate choice of parameters. We note that the assumption of being a K-MIM
here is critical, as nearly matching central moments will imply that nearly all moments along the
critical directions will nearly match.

In order to construct such a weak learner, suppose that for the optimal hypothesis h* in the
class, we can find a polynomial p, such that E[p(x)] = 0 and p(x) is positive whenever h*(x) = 1.
In this case, we have E[h*(x)p(x)] = E[(h*(x) + 1)p(x)] > 0. Since this p then correlates with the
indicator set of h*(x) = 1, it is not hard to see that some appropriate threshold of p will necessarily
produce a weak learner.

We claim that very mild conditions on h* will allow us to construct such a p. For example,
supposing that x is isotropic, as long as there is a not-too-small ball B not-too-far from the origin so
that h* is —1 on B, we can construct (by standard techniques) a polynomial that approximates the
indicator function of B. Subtracting this from a small constant, we produce a polynomial that is
mean 0 and positive whenever h* is. As we need something similar to hold for every logconcave x
(not just isotropic ones), we will need the slightly stronger condition (see Definition 7.3) that every
ellipsoid E contains a (not too much) smaller ellipsoid E’ so that h* is constant on E’. We note
that this should hold for essentially any reasonable K-MIM.

Unfortunately, the parameters obtained through this natural approach will usually lead to
poor approximation ratios. However, if we make the stronger assumption that A* has sandwiching
polynomials (i.e., polynomials p* and p' with p*(x) > h*(x) > p'(x) pointwise and E[p*(x) —p'(x)] <
¢ for any small ¢ > 0; see Definition 7.8), then a much better error guarantee can be obtained (see
Theorem 7.9). To see this, E[p"(x’)y] will approximate E[h*(x)y] = 1 — 20opt = ¢ within error at
most E[p*(x’) — p'(x)] = E[p*(x) — p'(x)], which can be made as a small multiple of ¢. This means
that we can find a weak hypothesis, as long as E[h*(x)y] is more than a small constant, which
happens when opt is only slightly less than 1/2. In particular, this implies that for every K-MIM
that admits L;-sandwiching polynomial approximation, we can learn it in time poly(d)2p°ly1°g(1/ ) to
error (1 + c)opt + €, for any small constant ¢ > 0, under any logconcave distribution. In particular,
by leveraging the sandwiching polynomial construction from [KKM13|, this immediately gives a
QPTAS for many fundamental classes, such as functions of halfspaces and low-dimensional low-degree
polynomial threshold functions (see Section 7.4).

Algorithmic Application (II): Halfspaces and Multiclass Linear Classifiers As another
important application, our algorithmic framework also gives a way to tackle more challenging
multiclass classification problems. A natural way to solve a multiclass classification problem is to
break it into (12{) binary classification problems to learn hypotheses h;;(x) that tell whether an
example is more likely to have label ¢ or label j and combine them together. We show in Lemma 7.22
that it suffices to design a semi-agnostic partial learning algorithm for the class of halfspaces over
logconcave distributions. In particular, due to the structure of the class of halfspaces, we can use a
simple Chow-parameter estimation method to obtain a weak hypothesis, as long as the moments
of the marginal distribution match some logconcave marginal. In particular, in Theorem 7.14, we
show that if the first four moments approximately match, then we can agnostically partially learn a
halfspace to error O(opt) + € in poly(d)2P°¥1°8(1/€) time, which in turn implies a quasi-polynomial



time algorithm for multiclass linear classification with error O(K - opt) + €. The quasi-polynomial
dependence on € is due to the fact that we need to implement a discrepancy finder for the 4th
moment. On the other hand, if we only use the first two moments, we can always find the moment
discrepancy in polynomial time. For the halfspace learning problem (Theorem 7.15), this fact gives us
a polynomial-time algorithm that achieves error O(opt) + ¢€; this implies a polynomial-time algorithm
for multiclass linear classification with error O(K - opt) + e.

Testable Learning Finally, we point out that our algorithmic framework naturally fits the
testable learning framework [RV23]| (see Definition 6.1). Roughly speaking, given a known logconcave
distribution x ~ Dp and sample access from an arbitrary distribution D over R? x {0, =1}, a testable
learner is asked to either reject or output a hypothesis. We want to guarantee that the probability
that the algorithm accepts but outputs a bad hypothesis is small; and that when Dy = Dp, the
algorithm will accept with high probability. Towards this end, we notice that our boosting algorithm
will succeed with no extra assumption, as long as the weak partial learner succeeds. Furthermore, our
weak partial learner is guaranteed to work, as long as we can partition the space into regions R so
that most of the mass of examples with non-zero label, x’, belong to regions on which the moments
of (x| R) and (x | R) approximately match. This implies that when we create the partition for
the weak partial learner, we can replace the global marginal distribution Dy by Dpg. If within the
sample and time budget, the partition is not created successfully, we simply reject; otherwise, the
partition is created successfully, and we obtain a weak partial hypothesis. In particular, if Dy = Dp,
we are likely to accept (see Theorem 6.2).

1.3 Organization

In Section 2, we begin with some preliminaries followed by a formal definition of an agnostic
partial classifier and its resulting error metrics (Definitions 2.3 and 2.5). We then state our general
algorithmic result (Theorem 2.8) efficiently translating our notion of weak learning (Definition 2.7)
to agnostic partial learning. The subsequent sections develop the necessary machinery to prove
Theorem 2.8. In Section 3, we define the notion of weak partial learning (Definition 3.1), cover
the generic results on boosting from a weak partial learner, and show how it can be used to
efficiently produce agnostic partial learners (Theorem 3.2). Section 4 develops our iterative spatial
decomposition and shows (Theorem 4.2) how it can be used to produce a weak partial learner for
function classes satisfying our weak learning condition (Definition 2.7). In Section 5, we provide our
algorithm for computing directions of moment discrepancy for logconcave distributions. We combine
the above results to prove Theorem 2.8, and state our testable learning extensions in Section 6.
Finally, in Section 7 we describe our concrete applications, showing that our assumptions are satisfied
by a wide variety of multi-index models, and in particular functions of halfspaces and multiclass
linear classifiers.

2 Setup and Statement of the Main Result

Notation For n € Zy, we let [n] = {1,2,...,n}. We use small boldface characters for vectors
and capital bold characters for matrices and tensors. For x € R? and i € [d], x; denotes the i-th

coordinate of x and ||x||, = Z?Zl(x?) is the #3 norm of x. Let V' be a subspace, we use projy (x)

to denote the projection of x onto subspace V', we will also use xy for short to denote projy (x).
We use S%~! to denote the unit sphere over R? and use BY~!(u,r) to denote the ball in R? centered
at u, with radius 7. Let A € R%? we define £(u, A) := {x | ||A(x —u)|, < 1} to be the ellipsoid

10



Agnostic Partial Learning
Theorem 2.8
JY

Agnostic Partial Boosting

Theorem 3.2
A
K-MLC Weak Partial Learner
Theorem 7.21 Theorem 4.2
A A
Halfspace Learning Space Partitioning _ Testable Learning
Theorem 7.15/7.14 Lemma 4.5 g Theorem 6.2

\ 1 \
Weakly Learnable Class Discrepancy Finder
(K, n)-Good MIMs Definition 2.7 Theorem 5.1
Theorem 7.4 / / P\
Ly-Sandwiching Polynomial @Q-Function Construction Iterative Subspace Construction
Theorem 7.9 Lemma 5.7 Lemma 5.5

A
Y

Low-Dim Low-Degree PTF Effective Subspace Identiﬁcationl

Functions of Halfspaces

Theorem 7.12 Theorem 7.13 Lemma 5.4

Figure 1: Overview of the proof structure and dependencies. Directed edges indicate logical
dependencies: an arrow A — B means that the result at B relies on or invokes the result at A.

centered at u, with shape A. For an f-order tensor T, we use [T = />, Tg to denote its

frobenius norm. For two tensors T, T’, we will use T - T to denote D¢ TCT/g~ For a = (a1, ..., qq),
a multi-index, we use x% = H?Zl x;", the monomial with multi-index . For an event A over R?, we
will use 1{A} to denote the indicator of A i.e. If A is true, then 1{A} = 1 and otherwise 1{A} = 0.
For D a distribution over R? and f : R — R, we use 1fllp,p = (Ex~p||f(x)[P])*/P to denote the £,
norm of f under D. For a distribution D over R? x ), we use D(x,y) to denote the density of D at
(x,y) and use D(y | x) the conditional distribution of y given x under D. And, we use Dy to denote

the marginal of D on x.

Basics on Logconcave Distributions The family of distributions D that we study in this paper
are assumed to have logconcave marginal Dy on the feature space, defined as follows.

Definition 2.1 (Logconcave Distribution). A distribution Dy over R® with density function f(x) is
logconcave if the function log f(x) is concave. We say that a logconcave distribution Dy, is isotropic

11



logconcave if p = Exp,[x] =0 and Exwp, [xx'] = I, where I is the identity matriz. For ¢ € (0,1),
we say Dx is c-isotropic logconcave, if |Ex~p, [X]||y < ¢ and (1 — ¢)I < Exup, [(x — p)(x —p) ] <
(1+c)lL

As shown in [LVO07|, any logconcave distribution can be efficiently transformed to nearly isotropic
logconcave.

Fact 2.2 (see, e.g., Theorem 2.6 in [LVO7]). There is an algorithm with the following guarantee: given
sample access to any logconcave distribution Dy on R? and parameters ¢, € (0,1), the algorithm
draws M = O~(dc_2 log(1/0)) samples from Dy, runs in sample polynomial time, and outputs an
affine transformation L : RY — R? such that when x ~ Dy, L(x) follows a c-isotropic logconcave
distribution with probability at least 1 — 6.

Thanks to Fact 2.2, most of the technical lemmas in this work will focus on c-isotropic logconcave
distributions, for suitably small c.

Basic Definitions for Partial Learning One of our key innovations is that of trying to produce
weak learners for partial classifiers. Such a classifier can be thought of as a function f : X — {%+1,0}
(or more generally given as a distribution over X x {£1,0} where the output f(z) = 0 corresponds
to f not classifying z and an output of +1 corresponding to that Boolean classification. Formally,
we set out some of our basic terminology as follows:

Definition 2.3 (Agnostic Partial Learning). Let H be a class of Boolean (i.e., {1}-valued) functions
over R, and let D be a distribution over R x {£1,0} Denote by Dy (called the effective distribution)
the conditional distribution of D over the event £ == {(x,y) | y # 0}. The error of a hypothesis h :
R — {*1} is defined as errp,(h) = Pr(xy)~p,[h(z) # y| and define optp, (H) = infrey errp, (h).

A (semi-)agnostic partial learner is one that given access to samples from such a distribution D
attempts to compute a hypothesis h whose error is competitive with optp ; (H), and in particular is
bounded by F(optp (H)) + € for some non-decreasing function F :[0,1] — [0,1] and € > 0.

We say that this problem is agnostic partial learning over some distribution D* or class of
distributions C on R if one is additionally guaranteed that the marginal of D over R? is equal to D*
or lies in C. In particular, our paper will be focused on the problem of agnostic partial learning of
certain well behaved function classes H over the class of logconcave distributions.

We note that one important parameter of a partial classifier is the probability with which it
assigns a non-zero value, a quantity we call the weight of the classifier. This is particularly important
as classifiers with low weight will be difficult to learn at the very least because many samples will be
required in order to see anything of interest. Formally, we define:

Definition 2.4 (Weight of a Partial Classifier). For a distribution D on RY x {£1,0} we define its
weight, denoted W (D), to be Pr ,).ply # 0].

Finally, while the notion of error for a hypothesis given above is perhaps the most natural for
measuring the error of a partial classifier, it is sometimes useful to consider the probability over the
distribution D as a whole that our hypothesis returns the wrong value. We call this the “global error”
as defined below:

Definition 2.5 (Global Classification Error). Let D be a distribution over R?x {£1,0}. We define the
global error of a hypothesis h : R — {£1} with respect to D as errp(h) = Pry~plh(z) #y,y # 0].
The optimal global error of H with respect to D is optp(H) = infrey errp(h).

Remark 2.6. We remark that for every boolean function h, errp(h) = W(D)errp,(h).
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Our Main Result Our main algorithmic result is applicable to a broad class of hypothesis classes
that admit a weak partial learner so long as certain moment conditions on the effective marginal, Dy,
are met. In practice, this weak learner will always be obtained by finding a low degree polynomial p
which has non-trivial inner product with y, but in principle any (efficient) weak learning algorithm
should suffice.

Note that for a partial classifier, one should consider applying the definition below to Dy.

Definition 2.7 ((k, A, 8, C)-weakly learnable class). Let H be a class of Boolean functions over R?.
For ke NJA > 0,8 € (0,1),C > 1, we say that H is (k, A, B, C)-weakly learnable, if there is an
algorithm A with the following performance guarantee. Suppose that for an input distribution D over
RY x {41}, the following conditions are satisfied:

1. There is some 1/2-isotropic logconcave distribution D’ over R? and a given affine transformation
L :R% = R? such that Dy, the distribution of Dy under the affine transformation L satisfies for

every w € STt and all i € [k], ‘E 5 [(w-x)"] = Exopy [(w- x)z]‘ <A,

x~Dy
2. optp(H) < 1/C.

Then A, on input i.i.d. samples from D, outputs a hypothesis h satisfying eerA(fAz) <1/2 — [ with
probability at least 99%. We will call 8 the “advantage” of the (weak hypothesis) h. The algorithm A
will be called a (k, A, B, C)-weak learner for H.

A number of prior works require that the function class either exhibit a weak learner or some kind
of moment-based identifiability. However, previous results typically require that this identifiability
either holds for all marginal distributions or only for the specific marginals being learned. To make
our argument work for partial learners, we will need to be able to work with the effective marginal
(Dy)x, which is merely close to logconcave. Fortunately, if we merely assume that we nearly match
central moments with a logconcave distribution (the requirement for 1/2-isotropic can be fixed by
applying an affine transformation), this is a condition that we can both reduce to (as we show in
Sections 4 and 5) and a condition that is sufficient in many instances (as we show in Section 7).

We are now ready to state our main algorithmic result. In particular, we show that any weakly
learnable class of functions can be agnostically learned with respect to any logconcave distribution.

Theorem 2.8 (Weak Learning Implies Agnostic Partial Learning). Suppose that H is a class of
functions that is (k, A, 8, C)-weakly learnable by an algorithm A with sample complezity m and time
complexity T'. Then there is an agnostic partial learning algorithm for H with the following guarantee:
Given any € € (0,1) and sample access to any distribution D over R x {0, 41} of weight W (D) > «
with marginal Dy logconcave, the algorithm draws (1/5%) do(k)polykA(l/(ae)) m samples from D,

runs in time (1/3%) d°®) opolyy, a(oe(1/(a€) 7 ond outputs a hypothesis h such that with probability

~

at least 99%, errp,(h) < (C/2)optp,(H) + €.

In other words, so long as ‘H is weakly-learnable by an efficient algorithm 4 we have an agnostic
partial learner for H that works over any logconcave marginal. This learner will have fully polynomial
sample complexity (though the degree of that polynomial may depend on the parameters of H’s
weak learnability), and time complexity that is only quasipoly(1/€) worse. This can be used to learn
partial classifiers even of small weight, though as we will see this algorithm substantially improves
on the state of the art even for many classes of total functions. Additionally, this learner can be
made testable in the sense of Theorem 6.2.
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3 Boosting a Weak Partial Hypothesis

The first key ingredient of our approach is a boosting algorithm establishing that a weak partial
learner (Definition 3.1) can always be efficiently converted into a (strong) agnostic partial learner
(Theorem 3.2).

This can be viewed as a natural extension of the boosting techniques widely used in distribution-
free learning to the distribution-specific setting. Traditionally boosting algorithms have typically
required that the weak learner is distribution-free. However, if a smooth boosting algorithm, see,
e.g. [Fell0, KKO09]| is used, we show that it suffices to have a distribution-specific weak partial learner.
Technically, this result follows from a careful use of the boosting algorithm of [Fel10], but conceptually
we think this is a significant advance, as it allows us to consider only effective marginal distributions
which are not too far from the original marginal—a condition that we will later show how to exploit.

Formally, we define a weak partial learner as follows.

Definition 3.1 ((8, C')-weak partial learner). For 0 < a, 8 < 1 and C > 1, we say that an algorithm
A is an (B, C)-weak partial learner for a class H with respect to the distribution D* if it satisfies the
following guarantee: For every o € (0,1) and for every input distribution D over R% x {£1,0} with
x-marginal Dy = D*, W(D) > a and optp (H) < 1/C, then A draws samples from D and outputs

a hypothesis h : R — {£1}, such that with probability at least 99%, eerf(ﬁ) <1/2-8.
Furthermore, we say that A has time and sample complezity T'(«) and m(«) if the appropriate
complezxities are bounded by the given functions.

The main result of this section is the following theorem.

Theorem 3.2 (Weak Partial Learning Implies Agnostic Partial Learning). Let D* be a distribution
over RY, H be a hypothesis class over R?, and A be a (B3, C)-weak partial learner for H with respect
to D* with time and sample complexity T'(a),m(«). There is an algorithm with the following
performance guarantee: for any € € (0,1), any input distribution D over R? x {0, £1} with marginal
Dy = D* and W (D) > «, the algorithm draws N = O(8~2/e)m(ae) samples from D, runs in time
polynomial in N and T(«e), and outputs a hypothesis h such that with probability at least 99%,

~

errp,(h) < (C/2)opt + e.

Essentially, Theorem 3.2 is saying that in order to run a boosting algorithm instead of needing to
run our weak learner on arbitrary input distributions, it suffices to run it only on distributions that
can be obtained from our original distribution Dy (itself a conditioning of the base distribution D)
by a rejection sampling procedure that accepts with probability at least €. This in turn means that a
distribution-specific weak partial learner is sufficient instead of requiring a distribution-independent
weak learner. This can be shown by analyzing the boosting algorithm of [Fell0].

Fact 3.3 (Corollary of Theorem 3.5 in [Fell0]). Let H be a hypothesis class over R and let
A be an oracle with the following behavior: for every distribution D over R? x {£1} such that
minpey errp(h) < 1/2 — a, given m examples from D, it outputs a hypothesis h such that errp(ﬁ) <
1/2 — B, with probability at least 99%. Then there is an algorithm B with the following performance
guarantee: for every distribution D over R x {£1} and for every e > 0, B makes O(872/€)
many calls to A, it runs in time poly(T, 3=, e~1), and outputs a hypothesis h such that eer(ﬂ) <
optp(H)/(1 — 2a) + €, with probability 99%. Furthermore, each call to A is defined over some
distribution D' so that D' is given by D conditioned on some explicit event E of probability at least €.

Remark 3.4. The statement of Theorem 3.5 in [Fell0] requires access to a distribution-free weak
learner. However, the proof requires a weaker guarantee. Specifically, given a fixed distribution D,
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to boost a weak learner over D, it suffices that the weak learner A succeeds over distributions whose
marginals can be rejection sampled from Dy with an acceptance rate of at least €. Since this is not
explicitly stated in [Fell0], we provide the details of the proof in Appendix B for completeness.

Given Fact 3.3, the proof of Theorem 3.2 is straightforward.

Proof. Our algorithm will simulate running B from Fact 3.3 to learn the distribution Dy. In
particular, when the oracle A is called on some distribution D’, we note that D’ is given by Dy
conditioned on an event E of probability at least €. This in turn is D conditioned on an explicit
event of probability at least ce. Letting D° be obtained from the distribution D by setting y = 0
whenever E does not hold, we note that W (D") > ae and D?c = D'. Therefore, the (8, C)-weak
partial learner A will satisfy the hypotheses of the oracle from Fact 3.3 (with 1/2 —a = 1/C). Thus,
B can be simulated giving a final error of

errp, (h) < optp, (H)/(1 - 2a) + €= (1/2)optp, (H)/(1/2 — a) + € = (C/2)optp (H) + €.

This completes our proof. O

4 Efficient Weak Partial Learning of Weakly Learnable Classes

By Theorem 3.2, to agnostically partially learn a hypothesis class H under logconcave distributions,
it suffices to design an efficient weak partial learner. Recall that our focus is on concept classes ‘H
that are efficiently (k, A, 8, C')-weakly learnable by an algorithm A. In particular, this means that so
long as the effective distribution D has marginals whose low degree central moments approximately
agree with those of some logconcave distribution (and in particular, if they agree with Dy’s central
moments), then A will learn a hypothesis with S-advantage over Dy.

It is not hard to see that simply running A over the distribution Dy is not a good strategy, as
the moment information of (Dy)x could significantly deviate from that of the requirement of A, even
if 90% of the examples have non-zero labels. We will need to find a way to reduce to the case where
these central moments do approximately match. Our basic strategy will be to find a direction in
which our moments fail to match if one exists, and use this to partition space into two halfspaces
on which the masses of Dy and (Dy)x substantially disagree. Doing this iteratively, we produce
finer and finer partitions of R? on which D + becomes more and more concentrated. We show that
eventually this procedure must terminate in a partition where almost all of the mass of D lies in
regions where our moment matching assumption does apply. We can then use our (k, A, 3, C')-weak
learner on each region to get the desired result.

Unfortunately, to even get started on this project, we need to be able to either certify that Dy
and (Dy)x have nearly matching central moments or to find a direction that exhibits this moment
mismatch. This is itself a complicated algorithmic problem that we will put off solving until Section
5. For the moment, we will be satisfied by formally defining the tool that we need:

Definition 4.1 (Moment Discrepancy Finder). For k € Z4,A > 0,c,a € (0,1), we say that an
algorithm A is a (k, A, ¢, o)-discrepancy finder if it satisfies the following performance guarantee:
given sample access to a 1/2-isotropic logconcave distribution Dy over RY and a distribution D', a
conditional distribution of Dy over some event with probability mass at least «v, if there exists w € S
and j € [k] such that |Ex~p,[(w-x)/] — Exop[(w-x)I]| > A, then with probability at least 99%,
the algorithm outputs v € ST1 and i € [k] such that |Ex~p, [(V-x)'] — Exup,[(v - x)7]| > cA.

Our main result in this section is the following.

15



Theorem 4.2 (Weak Learning+Discrepancy Finder—Weak Partial Learning). Let €,n € (0,1),
and let Ay, be a (k,A, B, C)-weak learner for H with sample complexity M,, and time complexity
Ty. Let A, be a (k,A,c,a)-discrepancy finder, for an appropriate value of a = neQr.a) with
sample complexity M,, and time complexity T,,. Then there is an algorithm A that satisfies the
following: For every input distribution D over R? x {£1,0}, with Dy logconcave, W (D) > ¢ and
optp, (H) < (1 —n)/C, then A draws at most N(My, + My,) samples from D, runs in time at most
N(Ty + T,,) time, where

N = (CA)_4k(k‘10g k+ log(C’/(cA)))4k2 (ne)—O((cA)_Q(klogk+log(C/(cA)))2k)'

Algorithm A then outputs a hypothesis h such that errp,(h) < 1/2 —Q(nB) with probability at least
99%.

As discussed, to prove Theorem 4.2, we will need to iteratively decompose R¢ into smaller and
smaller convex sets. In order to ensure that this procedure produces the desired results, we will need
to assume that each split satisfies some conditions that force the distributions of D and Dy across
the two halves to differ sufficiently. In particular, we will formalize the condition we need in the
following definition:

Definition 4.3 (Good Split). Let D and D’ be two distributions over R such that D' = Dy
for some event A, with Prp[A] > «. We say that t € R is a (k,7,7,A)-good split for D, D', if
|t| <T := O(klogk +log(1/Aa)), and for R either {z € R |z >t} or {z € R |z < t}, one of the
following properties hold:

1. |t| <7 and |Prp[R] — Prp[R]| > 7.
2. |t| > 7, Prp[R] < (Prp[R)* and Prpy[R] > |t| 2.

Not only does a good split allow one to subdivide the line into two sets on which the probabilities
of D and D’ differ substantially, we show that if, in the case we are interested in, we can find a
direction in which the moments of D and Dy disagree substantially, that we can produce a good
split in this direction.

D
D i D,
t
{zeR|z<t} {zeR|z >t}

Figure 2: Illustration of a good split.

Lemma 4.4. Let D be a 1/2-isotropic logconcave distribution over R, A an event with probability
o > 0. Let D' be the conditional distribution of D over A. Suppose that |E,p[zF] — EZ/ND/[(z’)kH >
A, for some A >0 and k € N. Then there exists t € R that is a (k, 7,7, A)-good split for D, D', with

7= max{(A/20)"/* 10(klog k 4 log(C/A))},~v := 77 *A/100,
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where C' is the constant from Fact A.2. Furthermore, there is an algorithm that on input k, A, «,
oracle access to D and D', and 6 > 0, draws poly(1/v,1/a,log(1/0)) samples from D, runs in
sample-polynomial time, and outputs a (k, 7,7, A)-good split with probability at least 1 — 6.

Lemma 4.4 says that if the lower order moments of D and D’ do not match, then a good split
always exists, and we can efficiently find such a good split through a brute-force search. In particular,
we want to remark that the existence of such a good split does not hold when D is an arbitrary
distribution. In our proof, we show the existence of such a good split by making use of the fact that
a logconcave distribution has a sub-exponential tail probability.

The basic strategy of the proof is as follows. We know that D and D’ have some low order
moment that has substantial disagreement. We note that as these moments can be expressed as
suitable integrals of the cumulative density functions that there must be some ¢ for which those
cumulative densities differ. We have only to show that such ¢ satisfy the particular conditions of a
good split. We first note that since D has subexponential tails that the contribution to its moments
from t with [t| > klog(k) + log(1/Ac«) is small enough that we can ignore these points. We then
need to carefully analyze the integral over the remaining points to show that unless some ¢ satisfies
either condition 1 or 2 that the moment discrepancy will be less than what is promised.

Proof of Lemma 4.4. We first show the existence of such a good split. To do this, suppose that for
every [t| < 7, we have |Pr,.p[z € R| — Pr,.p/[2' € R]| < 2vy. We will show that we can find some
|t| < O(klogk + log(1/(A«))) that satisfies the second condition of a good split. We deal with the
case where k is odd, and the case where k is even can be analyzed symmetrically. Notice that

E [zk] :/ Pr [zk > sl|ds —/ Pr [zk < —slds
z~D 0 z~D 0 z~D

:/ ks" ™! Pr [z > s]ds —/ ks* ™! Pr [z < —s]ds. (1)
0 z~D 0 z~D

We first show that those |2'| > T := 40(klogk + log(C/(A«))) only contribute little to the kth
moment of z’. By Fact A.2, we know that there is some universal constant C' > 0 such that for every
t>T,

/ _ < < —t/2 ]
Z,I:I[')l[‘z | > 1] ZEIZ‘)HZ’ >t,Alja < ZIZEHZ\ > tl/a<Ce " /a

This implies that
/ kst~ Pr [|2] > slds <O (kT’f—l exp(—T/2)/a> < A/100.
T Z/N !

On the other hand, since for every t, [t| < 7, |Pr,.pl|z| > t] — Prowp/[|2'| > t]| < 7, we have

< rky < A/100,

/ ksht <Pr [2>s]— Pr [/ > s]) ds
0 z~D /

z'~D

/ skt <Pr [z < —s]— Pr [/ < —s]) ds
0 z~D 2D’

By (1), we know that
|s|€[r.T]

< 7h~y < A/100.

Prlz>s]— Pr [2 > s]|ds> A)2. (2)

z~D z!~D’
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Assuming that for every t € [, T], Pro.p/[|2| > t] < t72* would imply that

T
/ ks"~1 Pr [
. 2~ D!

On the other hand,

T
2| > slds < / ks~ * D ds/10 = 77F < A/10.

T T
/ kst Prlz] > slds < C / kst lemsds < 2077 exp(—7/2) < A/10.

Combining these with the equivalent equations for negative s imply that the left hand side of (2)
is at most 2A/5, which is a contradiction. This implies that there is some ¢ with |¢| € [7,T] such
that Proop/[|2/| > t] > t~2*. In particular, since t > 7 > 10(klogk + log(C)), we know that
Pr..p[lz| > t] < Ce™t < (Pryp/[|#'| > t])*. This shows that there is always a (k, 7,7, A)-good
split. In fact, reviewing these calculations, we see that there exists a t that forms a good split so
that either in case 1, we have the difference in probabilities at least 2 or in case 2, we have that
Prp/[R] > (1.1)|t|7?* and Prp[R] < (Prp/[R]/1.1)*. This means that in order to find a good split,
it suffices to estimate the tail probabilities Pr,.p[z > t] and Pr...p/[z' > t] to error T8 /10 for
all t. However, a VC dimension argument says that this is accomplished by taking the empirical
distribution over O(T'%) samples. O

We next give an overview of how to make use of the discrepancy finding algorithm together
with Lemma 4.4. Recall that the (k, A, 3,C)-weakly learning algorithms A, work if the input
distribution(after some suitable affine transformation) approximately matches each of its first k
moments with some approximate isotropic logconcave distribution. Thus, unless there is such a
large moment discrepancy, we can simply run this algorithm. If there is a discrepancy, this can be
detected by our discrepancy finder, which will also demonstrate a particular direction v in which
the moments fail to match. It will then be the case that (v, D) and (v, Ds) will be real random
variables with a moment mismatch to which we can apply Lemma 4.4 to find a good split. This will
allow us to subdivide R? into two halfspaces so that the restrictions of D to each halfspace will have
somewhat different weights.

From here we produce an iterative decomposition. We begin with a single subdivision consisting
of all of R%. Then iteratively for each subdivision R that (D £)x assigns enough mass we run our
discrepancy finding algorithm on D and Dy conditioned on R. If it finds no discrepancy, we run our
weak learner on that region. Otherwise, our discrepancy finder has found a moment discrepancy
along some direction and we can run Lemma 4.4 to find a good split to subdivide R. This idea is
summarized in Algorithm 1.

We give an overview of the analysis of Algorithm 1, before giving the full proof. The analysis
will follow two parts.

Firstly, we show that the number of rounds of the algorithm is bounded. For this, we note
that for each round that we did not terminate, we must have subdivided at least one region in the
previous round. Thus, the total number of rounds is at most |[U|. On the other hand, whenever we
use a good split for a region R, the resulting regions R; and Ry will have Prp, [R;] not too much
smaller than Prp, [R]. Since Pr( ,).p,[x € R] could not have been less than ¢ (or we would not
have considered R for subdivision), this means that the mass Dx assigns to each region must be
bounded below. This in turn gives an upper bound on the number of regions and rounds.

In the second part, we need to show that the returned hypothesis has reasonably large advantage.
We note that for any region R in our final partition with Pr ,)p ; [x € R] > &, we must have small
central moment discrepancies and so in any such region where opt < 1/C, our weak learner will
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Algorithm 1 k-MOMENTDECISIONTREE (Constructs A Decision Tree as A Weak Hypothesis)

1:

—_ = = e
w22

14:
15:
16:

17:
18:
19:

20:

Input: Sample access from D, minimum weight parameter n > 0, accuracy parameter € € (0, 1),
moment discrepancy A > 0 and advantage 8 > 0, access to (k, A, 3, C)-weakly learning algorithm
Ay and (k, A, ¢, o)-discrepancy finder A,, with o = ne®*2 | where C,a is a large enough constant
given k and A.

Output: h : weak hypothesis for Dy and U, a partition of R?
Let 7,7 be parameters in the statement of Lemma 4.4 as a function of cA and k.
Let & = (ne/2)¢"/ 7 for C’ a sufficiently large constant.
Define T as in the statement of Definition 4.3 as a function of cA, k and o = &.
Let Uy = {0},Uy = {Rd}, t=1.
while U; # U; 1 do

U1 = 0.

for R € U; do

Let Dp be the conditional distribution of D over R, normalizing to 1/2-isotropic position.
if (Pr(xy)~p,[x € R| <§) then add R to U1
else
run A, over Dp and (Dpg)s to get a direction u € S%1 such that
E(x,y)NDR(u . X)Z - E(x,y)N(DR)f(u : X)Z > cA, for an i € [k]
if u is not returned by A,, then add R to U1
else

find a (4, 7,7, cA)-good split for (u-x), (u-x’), where x ~ (Dp)x and x' ~ ((DRr) f)x
and add Rjp, Ro, the two regions split from R to Upyq.
t=t+ 1.
for R € U; do
If Prix,)~p,[x € R] > & tun A, on Dy conditioned on x € R. Estimate the error of

this hypothesis to within /3 and if the result is less than 1/2 — 23/3, let hg be the returned
hypothesis. If Pr(x7y)~Df [x € R] < & or the error of the returned hypothesis is too large, let hr
be a random function.

Return the weak hypothesis h(x) = hg(x) if x € R, for R € U;, and the partition U = U;.
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return a hypothesis with advantage at least 5. For the remaining regions, our random hypothesis
will have error at most 1/2. We therefore, need to establish that the total mass of the low weight
regions is small. In particular, we need the total mass of these regions to be noticeably smaller than
7, so that as long as opt < (1 —n)/C, there will still be some heavy regions with opt < 1/C. To do
this we will do by instead bounding  peyy, Prixy)~n,[x € R]'~25 for some small, positive constant
s. This in turn can be bounded by considering the potential function

P, = Pr [xc R] Pr [xe R)Y? s,
i X B, e B B e )

In particular, we show that this potential is non-increasing so long as s is at most a small multiple
of v2. As ®y = 1, this provides an appropriate bound on the small mass regions.

We summarize the above properties of the partition U output by Algorithm 1 as Lemma 4.5 and
use it to prove Theorem 4.2.

Lemma 4.5. Fork € Zy, e,n,c € (0,1) and A >0, Let T,~, 7, and £ be as in Algorithm 1.
If Algorithm 1 is run on a distribution D over R® x {£1,0}, with Dy logconcave with W (D) > e,
then upon termination, with probability at least 99%, the final partition U of R satisfies:

1. U] < O(T? /(cAte)).
2. For every R € U with Pr y.p, [x € R > &, for every u € S and for every i € [k]
E(X,ZJ)NDR[(U -x)] = E(xy)~(Dr); [(u-x)7]| <A.

3. Y ren Pr)~D, [x € R| <n/2, where B={R €U | Pr(x’y)NDf[x € R] < ¢}

Proof of Lemma /J.5. We start by showing the first item in the statement that [U| < O(T'/(cA&e)).
For each time step ¢, let R € U;. If R ¢ U;—1, it must be the case, where R is split from some
R' € Up—1 using a (i,7,7,cA) good split, with ¢ € [k]. This implies that Pr(, ,).p,[x € R'] > § and
Pr(x’y)ND[x S Rl] > €.

By the definition of an (i, 7,7, cA) good split, either Prp [R | R'] > v or Prp [R | R'] > T2,
Since cAT~? < ~, in the first case, we have Prp, [R] > cAT~%* Prp [R'] > cAT *¢e. In the
second case, Prp,[R] > ePr(p,) [R] > T2k Prp,),[R] > T2 ¢e. Since > rew, Prx,y)~p[X €
R] = 1 for each time step t, we know that || < O(T? /(cAe)).

Next, we show the second item in the statement. Let R € U be a region with Pr(p ), [R] > &.
Notice that by the definition of A,,, if there is a direction u € S¥~! and some i € [k] such that
E(x,y)~pp (1 X)" — E(x.y)~(Dg); (0 x)z’ > A, then some direction w will be output and R will be
split into two regions, which contradicts the fact that Algorithm 1 terminates.

Finally, we show the third item in the statement. To do this, we define a potential function

3= (( Pr [xeR Pr [xe R])m_s.

~D ~D
Reth x,y) (x,y)~Djy

We show that for the choice of s = 72/10, D1 < P, for all t.
It suffices to show that for any R € U, that is split into regions R;, Ro,

1/2—s 1/2—s
Pr [xeR] Pr [xeR > Pr [xeR;] Pr [xeR;
((x,y)ND[ ] (xvy)NDf[ ]) iz;? <(x7y)~D[ } (xyy)NDf[ ]>
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To simplify the notation, we denote by a := Pr( ,y.p[x € R1 | x € R] and b := Pr(xy)~D; [x € Ry |
x € R]. Notice that

1_
i

Z < Pr [xeR;] Pr [xERi])
i:1,2 (va)ND (X7y)NDf

B <<x,yP>iD[X SR e e RJ) (@2 4 (1 = a)(1 - b))

We next show that under an (i, 7,7, cA)-good split, <(ab)1/2*S +((1—a)(1l— b))%_5> < 1. We

prove this by considering cases for a good split. In the first case in the definition of (i, 7,7, A)-good
split, we have |a — b| > ~. In this case, we have

((ab)l/z_s +((1—a)(1 _b))%—S) _ <<(a‘;b)2 _ (a;b>2>5_s N <(1 B a;—b)Q - (a;b)2>é—8>

1 1
<2(-—(—— <2 <L

Here in the first inequality, we use the fact that, fix the value of (a—b)/2, the summation is maximized
when (a + b)/2 = 1/2, while in the second inequality, we use the condition that |a — b] > ~. In the
last inequality, we use the choice of s < 72/10

In the second case, by the definition of (i, 7,7, cA)-good split, we have a < b*. Notice that
b < 1/10, otherwise we are in the first case. We have

(@) 4 (@ = @)= 0)F7) = (@) + (1= a = b b))
< b5(1/2—8) 41— (1/2 - 8)(a—|— b_ ab)
<1-(1/2— )b+ 2029 < 1

Here, the first inequality follows that for z € (0,1), and p < 1, (1 — 2)? < 1 — pz, and the second
inequality follows the bound a < b4, b <1/10.
So, we have @41 < &, for all t. Using this, we know that

1/2—s
Pyp=1> Pr [xeR|] Pr [xe€R )
’ REZZ; <(x,y>~D[ i, X 1

> (P [y#m)m_sz( Pr pxen)

~D ~D
x,y) ReB, (va) f

> (( Pr [y # 0])1/2_8 3 (( Pr [xe R]) £,

~D ~D
x,y) REBt X7y) f

which gives us

> (. pr, xem) < ( PrD[yaém)s_l/zs?xn/z

ReB, (x,y)~Dy X,y)~
where the last inequality holds when & = (7]6/2)1/25 = (776/2)0(1/72). 0
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With Lemma 4.5 at hand, we can immediately prove Theorem 4.2.

Proof of Theorem 4.2. We first show the correctness of Algorithm 1 by showing that it outputs a
hypothesis with Q(nf) advantage with respect to Dy. Let B ={R € U | Pr(x,)~p,[x € R] < £}.
We denote by G = U \ B and denote by M C G the set of R, where a random binary function hp is
assigned. We show that )\, Pr ), [x € R] is not too large. By Item 2 in Lemma 4.5, it holds

R)f(u . X)i S A.
If A fails to output a weak hypothesis over R, it must be the case, where we have Prx,~p, [h*(x) #

y | x € R] > 1/C, where h* is the hypothesis in H that achieves optp, (H). Now suppose that
> rem Pr(xy)~p,;[x € B] > (1 —n), then we have

for every R ¢ B and u € S?! and for every i € [k], ‘E(XW)NDR(u - x)t— E(x)~(D

errp,(h*) > Z

Pr [xeR] Pr [h'(x)#y|xeR>(1-n)/C,
e XV Ps

(x,y (x,y)~Dy

which gives a contradiction to the fact that optp, < (1 —n)/C. By Item 3 of Lemma 4.5,
> res Pr(xy)~p,[x € R] <n/2. Thus, we have }_pco\ pg Prxy)~n,[x € R] > /2. Since for each
R € G\ M, we have Pr(y ,y.p,[hr(x) # y | R] <1/2— /3, (and the error on all other regions is
1/2) we know that eerf(fL) <1/2—-Q(npB).

Next, we bound the sample complexity and the time complexity of Algorithm 1. Observe that
every time Algorithm 1 makes a split, it adds one more region to the partition i;. This implies
Algorithm 1 will terminate after making |U/| — 1 splits. By Item 1 of Lemma 4.5, it will run A,,, A,
and the algorithm for finding a good split at most O(T2*/(cAe)) times for regions R created
by Algorithm 1. Since Pr(y,).p[x € R| > e and Pr(x,).p,[x € R] > ¢, an example drawn

from D, (Dg)s can be done by drawing (e£)~! = (776)*0(7_2) examples from D. So, each call
to A, draws (e£)"'M,, sample from D and runs in (e£)~'T, time. Similarly, each call to A,,
draws (e£)~'M,, sample from D and runs (e£)~1T}, time. Each call to the algorithm for finding
a good split takes poly(£~!) sample and time. Thus, the sample complexity of Algorithm 1 is
O(T% /(cA&%€)) (M, + M,,) and the time complexity of Algorithm 1 is O(T2* /(cA&2€))(Tyy + Trn)-

Recall that v = cA(klog k+log(C/eA)) %, ¢ = (ne)®1/7*) and T = O(klog k+log(1/A£)). This
gives T2 /(cA€%) = N = (cA)~ % (klog k + log(C/(cA)))** (ne) ~OeA) 7 (klog k-+log(C/(ca))™) - [

5 Finding Moment Discrepancies under Logconcave Distributions

By Theorem 4.2, an important step towards a weak learner for agnostic partial learning (Defi-
nition 2.7), is to design a moment discrepancy finder (Definition 4.1). For the simplest case of
k = 2, one can leverage mean estimation and singular-value decomposition to achieve this goal.
Unfortunately, for k£ > 3, this task appears challenging in general. For example, the straightforward
way to achieve this goal requires approximating eigenvectors of higher-order moment tensors, which
is NP-hard [HL13| in general.

We instead show that if the distribution Dy is logconcave and (Dy)y is the conditional distribution
over an event A with probability « there is a (k:,A,Q‘O(k2),a)—discrepancy finder that runs in
polykA(d)QpOlylogk’A(a_l) time.

Specifically, the main algorithmic result of this section is the following.
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Theorem 5.1 (Moment Discrepancy Finder for Logconcave Distributions). There is an algorithm with
the following performance guarantee. Given sample access to a 1/2-isotropic logconcave distribution
Dy over R, oracle access to an event A with Prp, [A] = a, k € Z, and A € (0,1), the algorithm

draws M = do(k)a_z(10g(1/a)/A)20(k) examples from Dy, runs in time

poly (M) + o (log(1/a)/2)2®
and satisfies the following:

1. With probability at least 99%, it either outputs L, or outputs a vector v € S such that
Exn, (v 3] = By, [(v- 04| = 27009,

2. If there exists w € ST and k € N such that ‘EXNDX[(W-X)k] — EXN(Df)x[(w-x)k}’ > A,

where (Dy)x is the conditional distribution of Dy over A, the algorithm outputs v € St with
probability at least 99%.

Before going to the technical analysis needed to prove Theorem 5.1, we provide an overview of
the algorithm. Our first step is to show that the discrepancy between the higher moment tensors of
D and Dy is in some sense small. For this, we note by the Carbery-Wright concentration inequality

(Fact A.10), one can show that for any degree-k polynomial p(x), ‘Ewax [p(x)] — Ex (D)), [P(x)]| is

not too large. This implies (see Lemma 5.7), that there must be a degree-k polynomial Q(x), with
Lo-norm at most O(log®(1/a)) under Dy, such that for every degree k polynomial p(x), we have
Exp,[p(x)] = Exv (D)), [P(x)] = Ex~p,[Q(x)p(x)]. Given that the difference between the higher
moments is in some sense “small”, our plan will be to find a low dimensional subspace V' that captures
any possible directions of large discrepancy. We can then conclude with an exhaustive search over V.

For the purpose of motivation, we begin by assuming that Dy is a standard Gaussian distribution.
In this case, we can expand Q(x) in the Hermite basis, yielding a sequence of tensors Ty, ..., Tk,
with small Frobenius norm so that for every v € S¥=1, we can write Exp, [Q(x)(v - x)¥] as a linear
combination of the T}, - v® for i € [k]. If we flatten each tensor T; and view it as a bilinear form
R? x R¥™" — R, we can then find singular vectors of each bilinear form that correspond to large
singular values. These singular vectors span a subspace V' with dimension poly; (log(1/a)/A) such
that Exp, [Q(x)(V - x)*] can be approximated as a linear combination of Ex.p, [Q(x)(V' - x)7],
where v’ is the projection of the unit vector v onto V, plus an error of at most A/2. Then in time
exponential in dim(V'), we can find such a direction in V' near maximal moment discrepancy, which
gives an algorithm with sample complexity poly(1/a) and time complexity quasi-polynomial with
respect to 1/a.

However, the above approach heavily makes use of properties of Gaussian distributions, such as mo-
ments in orthogonal directions being independent, which do not hold for a general logconcave distribu-
tion. Our plan is still to make use of the above idea of dimension reduction, but with a relaxed goal. In
particular, we would like to find a subspace V' such that sup,i ) egi-1 Exop, [Q(X) H?Zl(u(j) -x)]]
is at most some constant multiple of the maximum when u!, ... u®) are taken from V, plus A /2. If
such a subspace V is found, then we can brute force search over V, to find a direction with moment
discrepancy. We achieve this goal through two steps.

In the first step, Lemma 5.4, we observe that given any polynomial (x), the linear function
Exp,[Q(x)p(x)] can be written as Zf:o T; - Ex~p, [V'p(x)]. By making use of the recent progress
on KLS conjecture [KL25|, we are able to show in Lemma 5.3 that the Frobenius norm of these
tensors T4, ..., Ty are not large. By flattening these tensors as a bilinear form and find singular
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vectors of each bilinear form that correspond to large singular values, we are able to find a subspace
Vi, such that if u',... u® are all orthogonal to Vi, then Ex.p, [Q(x) H?zl(u(j) -x)| must be very
small.
The second step is to recursively build the target subspace using (t?e SulE)r)outine in the first step.
1 +ul’

Given any k unit vectors ul,...,u®) we can write each ul® = uy, So, we can expand

Ex-p, [Q(x) H?Zl( () . x)] into a linear combination of 2* terms, each of Wthh is the expectation

of Q(x) Hle(v(j) -x), where v9) is either ug/) or u(]) We know if v!, ..., v(¥) are all orthogonal

to V1, then Ex.p, [Q(x) H§:1 (v . x)] must be very small. This 1mphes that during the analysis,

we can without loss of generality assume that u(®) € V;. Specifically, let gV, ..., g™") be a basis for
the subspace Vi, we can write u) = Zf\il a;g. This implies that

i k
x~Dx H Zaz x~Dx (x)(g® - x) 1_[2(11(])
j=1 +

Notice that if we apply the subroutine in the first step to each of the Q(x)(g®® - x) and
denote by the span of the found subspaces as Va, then if u) L Vi @ V5 for j = 2,...,k. then
Ex-p, [Q(x) Hle(u(J ). x)] must be very small. As a result, if we recursively run this approach for
k times, it must be the case that the final subspace V approximately maintains the maximum of
B, [Q) [T, (w0 - x)].

We now give a roadmap of this section. In Section 5.1, we will provide technical lemmas that
will be used in our analysis based on the recent progress on KLS conjecture. In Section 5.2, we will
give formal analysis of the dimension reduction approach we discussed above. Finally, in Section 5.3,
we will make use of the dimension reduction method to give our discrepancy finding algorithm and
present the proof of Theorem 5.1.

5.1 Useful Technical Facts

To begin with, we have the following Poincaré inequality for isotropic logconcave distributions, which
follows from recent progress on thin-shell bounds for isotropic logconcave distributions.

Lemma 5.2. Let Dy be a 1/2-isotropic logconcave distribution over R? and p : R* — R be a degree-k
polynomial. Then it holds Vary.p, [p(x)] < O((log?d) Exp,[||[Vp(x)|3]).

Proof of Lemma 5.2. We without loss of generality assume Dy is isotropic. To see this, let p =
Ey-p, [x] and 2 be the covariance matrix of x. Then x’ = 3~1/2(x — p) is isotropic. Denote by D/,
the distribution of x’ and write g(x') = p(S/2(x' + ). We have Vary.p, [p(x)] = Vary p_ [9(x')]
and Exp_, [|[Vg(x)[5] = Exnp, | (S12(x + w))|[3] < 2 Exn, [IVP(x)]12]:

By the Poincaré inequality [LV18], we know that there is a constant C(D) > 0 such that for
every polynomial p(x), we have

Varx.p, [p(x)] < C(D) E [[Vp(x)]3]-

x~Dx

By Theorem 1.5 in [Mil09] and Theorem 1.1 in [Eld13], there is a universal constant C' > 0 such
that we have

d
C(D) < Clogdzaf. (3)

=1
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Here, 07 = supp, Exp,[(||x], — V/)?], where the supremum is taken over all isotropic logconcave
distributions over R?. By Theorem 1.1 in [KL25|, there is a universal constant ¢ > 0 such that
02 < ¢,Vi. Thus, by (3), we get

Vary.p, [p(x)] < O(log? d) XNF})X[HVP(X)H%]) :

This completes the proof. O

Using Lemma 5.2, we establish the following result that bounds the Lo norm of a polynomial p
in terms of the norm of its gradient under a logconcave distribution Dx.

Lemma 5.3. Let Dy be a 1/2-isotropic logconcave distribution over R and let p : R — R be
a degree-k polynomial. Denote by F(p) = (Exwp,[V'p(x)])Ey, where Vip(x) is the i-th order

derivative tensor of p. Then Exp, [p?(x)] < O(logd)?* ||F(p)||5 -

Proof of Lemma 5.5. We prove Lemma 5.3 using an induction on k. If k = 0, we have Exp, [p?(x)] =
|F(p)||%. Suppose the statement holds for k — 1, we show this for k. By Lemma 5.2, for some
universal constant C' > 0, we have

E [p*(x)]= E [p(x)]* + Varx.p,[p(x)]

x~Dy x~ Dy
< B [V +Clog’d B [|Vp()[3
_ 0 2 2 . 2
~ B VP4 Cloghd | B E [Iv- Vo))
< E VO 2 0216—11 de E r .V 2
< B, (V0GP + O o d B (IF(v- Vax) ]

< O(log )** || F(p)||3 -

Here the second inequality follows the induction on the degree k — 1 polynomial v - Vp(x). O

5.2 Novel Dimension-Reduction Approach for Logconcave Distributions

In this subsection, we design and analyze a new dimension-reduction approach to obtain our
discrepancy finding algorithm. The key module of our dimension-reduction approach is the following
result.

Lemma 5.4 (Effective Subspace Identification). There is an algorithm that, given sample access
to any 1/2-isotropic logconcave distribution Dy over RY, has the following performance guarantee.
For any given parameters m,k € N, €,6 € (0,1), and for any degree m-polynomial Q : R¢ — R with
|Exp, [Q(x)]| < e(dk)=O®) 1Q(x)lp, 2 the algorithm draws M = poly(d¥, 20k logk+m) 1 /¢ log(1/5))
samples from Dy, runs in poly(M) time, and outputs a subspace V of dimension 20 108F) 1002k () /€2
such that with probability at least 1—4§ the following holds: for every collection of unit vectors {u(")}f:1

that are perpendicular to V', we have ‘EXNDx [Q(x) Hle(u(i) x)] ‘ < ellQx)p, 2-

Proof of Lemma 5./. We show that Algorithm 2 satisfies the statement. To this end, we define the
following linear map from Pj,—the space of degree-k polynomials over R%—to @f:o sym(R?), the
space of vectors, whose ith entry is an ith order symmetric tensor,

Fo) =, [vip<x>])k

x~Dx i=0
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Algorithm 2 EFFECTIVESUBSPACEIDENTIFYING

1: Input: Sample access to Dy, accuracy parameter € € (0, 1), confidence parameter 6 € (0,1),
degree m-polynomial Q(x) with a small mean, degree parameter k

Output: V, a low-dimensional subspace

Let n = 2~ |Q(x) | p_» and 1/ = Q)| p, o d Fe/(2VY).

For a degree-k polynomial p, define F(p) := (Ex~p, [Vip(x)])fzo.

For each monomial x¢ of degree k, where ¢ is the multi index, use empirical mean estimation
to find pe € R and a sequence of symmetric tensors Z; such that ‘,u,c —Ex-p, [Q(X)XCH <n'/4

and HZg— HF<O(77/log (d ))
6: Find tensor T1, ..

< 2C'log"(d), and ‘,u( - Zle T; - Zéz)
every (, with || = k: using convex programmlng
7: For each T;, treat it as a bilinear form over R? x sym(Rd ) and compute the singular vectors
vED o v e RY of T; with corresponding singular value at least 7.
8: Return V', the subspace spanned by these singular vectors.

< 1n'/2, for

We claim that F(p) is an invertible linear map. To see this, consider any polynomial p(x) =
Zf:o A; - x® such that F(p) = 0. Notice that V¥p(x) = k!Aj. Since F(p) = 0, we know that
VFp(x) = 0, which implies A;, = 0. By induction, we know that A; = 0,4 € [k] and thus p(x) = 0.
So, F(p) is an invertible linear map.

Consider the linear function over Py, G(p) :== Exp, [Q(X)p(x)] = Exp,[Q(x)F 1o F(p)] is a

linear function over sym(]Rd ). This implies that there exist tensors T; € sym(]Rd ), fori=0,....k
such that
k .
B [Qep(x)] =Y Ti- B [Vip(x).
x -1

In particular, |To| < e(dk)=9%®) |Q(x) p, 9 because by setting p(x) = 1, [Exup,[Q(x)]] <
x~ Dy [XqTo| <

e(dk)=9®) |Q(x) | p,, 2- This implies that for every monomial xS,

/

m.
We claim that || T;||, < C*log"(d) [Qllp, » for i € [k]. Suppose this is not correct, since F(p) is

an invertible linear map, we choose p(x) such that F(p) = (T;)¥_,. By Lemma 5.3, we have

E [Qx)px)] < 1Qlp, 2 IPllp, » < C*log" d | F ()|l 1QIp, »

On the other hand,

E ZT . B [Vinl ZHT 12 -

X'\/l)x X
i=0

Thus, we have ||F(p)|| » < C*log*d 1@l p, 2, which contradicts the fact that || F(p)|| p > C*logh d 1Qllp, 2
il < 2C*logk(d) and for every

Suppose that we have found ’i‘l, ey T}, such that for every Ti,

degree k monomial x¢, where ¢ is a multi-index, ‘Ewax [Q(x)x¢] — Zle T, - Ex-p, [Vixc]‘ <.
Notice that such a set of tensors always exists due to the existence of Ty,..., Tr. To complete the
proof, we first show that we can efficiently find the desired subspace V' through these tensors and
then analyze the complexity of finding these tensors.
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For each T;, we treat it as a bilinear form over R? x sym(Rdifl) and compute the smgular vectors

v o vED e R of T; with corresponding singular value at least 1. Since ¢ < /n and

‘ T; - < 2C"C log"(d) |Q(x)Il p, 2, We know that the dimension of V' is at most QO(klog k) log (d)/e2.

We claim that V satisfies the statement of Lemma 5.4.
Let u™, ..., u® L V be unit vectors and let p(x) = Hle(u(i) -x). We have

T,- E
x~Dx

E [Vpx)] - E [Qx)p(x)]

XNDx x~Dy

E [Q(x)p(x)]

x~Dy

<

] =

1

.
Il

u) . T, E [V7lpx)/(u

x~Dy

Il
- LM~
Eqw EM;T

ZT E [Vp(x) - E [Qx)px)]

XNDx x~Dy

@
Il

—
<

E [V7p(x)/ (0 - x)]

x~Dy

<17

Y. Ti E [Vp(x)]- E [Q)p(x)]|.

x~Dx x~Dx

% 1

1y

We next bound the term ||Ex.p, [V~ lp(x)/(u@ - x)]||, = HEXNDx[vFl H&@'(um X)]HF We

have

E [Vi! H(uw) x| <k Z H . )sym®u(é)]

P - BROREE (s
\\z 1 P
o k—1 ki
<k ) E H )| <K ) @K
SCHNG) P igs !

Here, the first inequality follows from the fact that Hsym Qs u( H < 1 and the second inequality
follows from Fact A.9. This implies that

>y

=1 j=1

E [V7p(x)/(uY )]

x~Dx

i < k!kg (f:i) 2k — i)k
k—1 .
— k:'kz; (k . 1) (2i

S k'k2(2k2)k — 2O(klog(k)) .

On the other hand, we notice that we can expand p(x) as a linear combination of monomials,
p(x) =2, c¢xS. By linearity, we have

T,- E [Vipx)] - E [Qx)p(x)]

wax x~Dy

k
-2 (Z i B vixﬂ—xgx[cz(x)xﬂ)

x~D.
=1 *

k

2
< lell Z(Z i B vz'xq—xgx[cg(x)xq)

7 x~Dx
1=
< VEld*y'.
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Here, in the second inequality, we use the fact that the coefficient vector ¢ = (¢¢) is spanned from
Hle(u(i) -x) and has £, norm at most v/k!. By the choice of n and 77/, we have |Ey.p, [Q(x)p(x)]| <
€1Qlp, o

To conclude the proof, it remains to upper bound the sample complexity of finding the tensors
’i‘l, e ,’i‘k. We know that for each monomial x¢, by Fact A.9 and Fact A.10, there is some constant
C > 0 such that

x~Dy

B0 <\ [ B 104G B (67 < 025k ™ Q1 -

By Chebyshev’s inequality, we can estimate some p¢ € R such that ‘/‘C — Ex-p, [Q(X)XCH <n'/4
with dOk)20(klog k+m)/ €2 examples from Dy. Furthermore, denote by S¢ the set of indices that are
involved in x¢, for every i, we have

E VB <@ Bl S [Ttee - xsvm e

SCSc £¢S 0cs
|S|=i
<®)? Y, E [[Jlec-x)
SCS¢ * ¢S

< 2klogk <k> (20(1{7 - Z))Q(kfz)
i
By Chebyshev’s inequality, we can estimate a tensor Zéi) such that HZéi) — Ex-p, [ViXC]HF <
7' /(4Vk) using O (l{:’c log?*(d) EXNDX[”VixC}|?]/(77’)2> examples from Dy. This implies that Z =
(Zéi))fzo is 7'/ (41log"(d)) close to F(x¢) in Frobenius norm.
By the triangle inequality, any tensors Tl, e T, such that HTZ

i 2C logk(d) for all i € [k],
and |p¢ — Zf:o T; - Zéi)
every monomial x¢. Since Ex.p, [Q(x)p(x)] = Zf:o T; - Exwp, [Vip(x)], we know that such a set

< 1n'/2 must satisfy ‘Ewax [Q(x)x¢] — Zf:o T; - Exp, [Vixc]‘ <, for

of tensors exists due to Tq,..., T, and thus we can find T, ..., T through convex programming.
Furthermore, the total number of examples used by Algorithm 2 is d9*)20(klogk+m) /e2. O

Using Lemma 5.4 as a subroutine, we give an algorithm that recursively calls Lemma 5.4 to
build a low-dimensional subspace V' that approximately preserves the maximum of the quantity
Ex.p,[Q(x) H;?:l(u(j) -x)], when u, ... u® are taken from V. Specifically, we establish the
following.

Lemma 5.5. There is an algorithm with the following performance guarantee. Given sample access
to a 1/2-isotropic logconcave distribution Dy, parameters m,k € N, €,§ € (0,1), and any degree
m-polynomial Q : R — R, it draws M = poly(d¥, Oy Ng m(€),log(1/8)) ezamples from Dy over R%,
runs in poly(M) time, and outputs a subspace V' of dimension Ny, (€) such that with probability at
least 1 — 9,

Skra(Q) < CrSryv(Q) +€lQllp, 25
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where for k € N, subspace V.C R% and a function Q, we denote

k

Sk (Q) = sup sup E [Qx) [ x)]|.

0<i<k u(h),..u®evngd-1 |X~Dx j=1

For m,k € N and for e € (0,1), Cp = 2°%*) and Ny (€) = (2004m) logk(d)/e)2o(k).

Algorithm 3 LowSUBSPACEFINDING(Find a low dimensional subspace that preserves discrepancy)

1: Input: Sample access from Dy, accuracy parameter € € (0, 1), confidence parameter § € (0, 1),
degree m-polynomial Q(x), k-degree parameter

2: Output: V, a low-dimensional subspace

3: If k=0, Return

4: Let UO =@ and ey = ¢

5. fori=1,...,k do

6: Let G; = {glV) ... gliNi)} be a standard basis for UU), for j <i —1

7: for g = (g1,...,8i-1), where g; € Gj do

8: Define Fy(x) = Q(x) [[}}(g; - x)

9: Estimate Q, € R such that |Q, — Exp, [Fy(x)]| < 270Flogkle, ||Fg(x)||Dx,2.

10: Apply Algorithm 2 to F,(x) — Q4 with dimension k — i + 1 and error parameter €;_1/2

to get a subspace Uy
11: Let U® be the subspace with dimension N; spanned by all the Uy found in the ith iteration
12: Let ¢; = (QkaNi)ilq_l/Q.
13: Return V the subspace spanned by U® i € [k].

Proof of Lemma 5.5. For the purpose of analysis, we will extend a degree m polynomial to a
tensor-valued polynomial. Specifically, such a function P maps R? to R4 X% and each en-
try P; of P is a degree-m polynomial. For an f-order tensor T € R¥**de define |T||, =
SUPy (1) g1, (O egde—1 | T - ®§:1v(j) . For k € N and subspace V C R? and a f-order tensor

valued function P, define

k

Skv(P) = sup sup E [P(x) H(u(j) )| -

0<i<k uV),.. uk) eyngd—1 ||¥~Dx jale .

Notice that in the ith iteration of the algorithm, if we write Q(—1) = (Fg), forg = (g1,...,8i-1),8j

Gj as a © — l-order tensor, then, we can write QY as a i-order tensor, for each g = (81,---,8i-1),

g) = (Fy(x) (g™ - x),..., Fy(x)(g"™ND) - x)), where g'!,..., g"Vi is the standard basis of U®). In

particular, under this notation, we have Q(x) = Q(®). We will show by induction that for j =0, ..., k,
the subspace V) spanned by U®)_ ... Uk—i+1) satisfies

5@ ) < 038,40/ QF ) + e || @ |

Dx,2

Notice that if this is true, then for 7 = k, we have

Skra(Q) < CrpSkv(Q) +€[|Qllp, o -

29



The base case j = 0 holds trivially because for every subspace V', we have Sy Q") = HEx~ . [QM)] H*
Suppose this holds for j = k — 1, show this for j = k.

Let uW, ..., u® be i unit vectors in R% where i < k. We write u) = al9) + b, where
al) = proqu)u(j) and bU) = proj(U(n)lu(j). Then, we have

XN]%X[Q(X)H(U(J‘) x)]| < Z E [Q(X)H(b(j) .X)H(a(j) -x)]|.

~Dyx

J=1 SCli] J¢s Jes

We upper bound each term in the above summation. Recall that |Qy — Exp, [Q(x)]| < 2 Oklogk)¢, 1@l p, 2-
If S =0, then we have

E [Qx) [[Y ) [[@7 %) =| E @) [[®Y x)]

x~D x~D.
) Jgs jes ) =1

7 7

<1l |_E [TV 0] +| B Q) - Qo) [[B) )
j=1 j=1

< (20)"|Qul + 0 Q.2 /2,

where the last inequality follows by Fact A.9 and the definition of U™,
In the rest of the proof, we focus on the case where S # (), which implies there is at least one
a) that appears in the product I e S(b(j ) x)[] je S(a(j) -x). Without loss of generality, we assume

it is a") and denote by Mg(x) = (a") - x)~! ngs(b(j) - X) Hjes(a(j) - X) the remaining part of the

product. We write alt) = ZJgVEIGl cgg under the basis Gi. Then, we have

E Q) [[eY-x)[[@V - x)=|>" cg B [Q)(g x)Ms(x)]

x~Dx ; .
JES jeSs geGy

where ¢ = (cg)geq,. We notice that for every polynomial p(x), we have

sup  |Q(x)(v-x)p(x)| = sup
veUu()nsd—1 veU)nsd-1

v-QUp(x)| = ||Q (p(x)

*

By induction, we have

E [Q(x)(a" - x)Ms(x)]

x~Dy

<|| B [@W()Ms(x)]

x~Dy

< Sp1.a(QM)

*

< GaSiren @) ey B Q0603

< Cr1Skv(Q) + 61\/er3 [HQ(l)(X)H?] :
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Here, the last inequality follows from (4). By Fact A.10, for some universal constant C' > 0,

B el = ¥ B e 202 = B @ X e

x~Dx x~ Dy
geGy ren
N
3 22 2
</ B Q) xgx[(;(g@ x)2])? < N2C*™ QI3
1=

Thus, we get

E [Q(x)(aV x)Ms(x)]| < Cro1S6v(Q) + e NC™ Q13,5

which implies

H ) x)]| < (2FCry + 29098 R) 51 1 (Q) + (2FCT Nyer + €0/2) |Q(X)13,

wax

< Oy (Q) + ¢ ||Q(X)H%x,2 ;

where we use our choice that Cj, = 28Cj_; + 20(klogk) — = 20(**) and €1 < (N1C™) " Leg /2.

To complete the proof, we bound the dimension of the subspace V' and the complexity of the
algorithm. Notice that in the ith iteration of the algorithm, we run Algorithm 2 T; = Hz ! 1 dim(U (7))
times with parameter €;_; / 2.

By Lemma 5.4, it follows that in the ith iteration, each time we run Algorithm 2, it draws

M; = dO*)20(klog k+m)/ez{1 examples from D, runs in poly(M;) time, and outputs a subspace U

of dimension 20(klogk)log**(d) / 61271- So, in the ith iteration, the total number of examples we draw
from D is T;M;, the running time is Typoly(M;) and dim(U®)) = T;20(klogk) ) log?*(d 4/

Since ¢g = € and ¢ = (28C™N;)"le;1/2 for i € [k], we get the dlmensmn of V is at
most N, () = (20%k+m) logk(d)/e)20<k) and the sample/time complexity of the algorithm is
poly(d¥, C. Ni.m(€),log(1/6)). O

Remark 5.6. We remark that the dimension of V' found by Lemma 5.5 has a polylog(d) factor
dependence on the dimension d. Such a dependence appears because Lemma 5.3 has a polylog(d)
factor dependence. If the KLS conjecture holds, then we can get an improved version of Lemma 5.3
without the dependence on d, which implies we can remove the dependence of polylog(d) in Lemma 5.5
However, for our application, we will see later that we can recursively apply Lemma 5.5 to the
discovered subspace V' to reduce the polylog(d) dependence to loglog(d) dependence.

5.3 From Moment Discrepancy to Dimension Reduction

In this section, we will apply Lemma 5.5 to find a direction w along which Dy and (Dy)x have
mismatched moments. To begin with, we will specify the polynomial function Q(x) we want to use.

Lemma 5.7. There is an algorithm such that, given sample access to a logconcave distribution Dy
over R, oracle access to an event A with Prp,[A] = «, and parameters k € N,¢,6 € (0,1), it draws
poly(d*, 1/¢¥, 1og(1/6),1/c) samples from Dy, runs in sample-polynomial time, and outputs a degree-
k polynomial Q : RY — R with 1Qlp,2 < O(log"(1/a)) + €, such that with probability at least 1 — 6,
for every degree at most k polynomial p : R? — R, it holds |Ex~p, [Q(x)p(x)] — EXN(Df)x[p(x)] <
€llp(x)[ p, o where (Dy)x is the conditional distribution of Dx over event A.
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Proof of Lemma 5.7. We first show the existence of such a polynomial. Define inner product over
the space of polynomial functions over R? as (p, q)p, = Ex~p,[pq] as well as ||| Dy.2» the norm
induced by the inner product, and denote by P the subspace of all polynomials with dégree at most
k over R%. Under the inner product (p, q)p,, define Q*(x) := projp 1{A}/a. Notice that for every
polynomial p(x) with at most degree k,

E b= E p&x)1{4}/e]= E [@"(x)px),

XN(Df)x x~Dx
where the last equation uses the fact that (Q*(x) — 1{A}/«a, p(x))p, = 0. Furthermore, we

1Q"X)py2=  sup  (p(x),Q"(X)p, =  sup E [p(x)1{A}/al.

PEPIIpl py 2 =1 PE P Ipll p, o =1 %P

For r > 2, let v’ = (1 —r~1)~!. By Holder’s inequality, we have

o' E px){A})|<at E ') B [n{ay)r

x~Dy x~ Dy x~Dy

_ a—l/r E [pr(x)]l/r < a—l/r(cr)k.

x~Dy

Here, in the last inequality, we use Fact A.10. By choosing r = O(log(1/a)), we get [|Q*(x)|lp, o <
O(1l0g*(1/a)).

It suffices to find a polynomial Q(x) € Py such that [|Q — Q" p, o < €. To do this, solve the
polynomial regression problem that finds a polynomial (Q € P, such that

LB @00~ 1{a)/a] < min B [(p(x) ~ 1{4}/0)"] +

- E [(Q'(0—1{A}/a)? +

which needs poly(d*/(ce)) sample from Dy, using standard sample complexity analysis of linear
regression (see, e.g., [BM02].) Notice that

E [(Qx) - Q'(x)+Q"(x) - 1{4}/a)’] = E [(Q(x) - Q' (x))’]+_ E [(@Q"(x)—1{A}/a)?.

x~Dyx x~Dy x~Dx

This means the solution of the polynomial regression gives a polynomial Q(x) € Py such that

1Q(x) = Q*(%)llp, » < € and [|Q| p, o < O(log"(1/a)) + €.
Furthermore, for every polynomial p(x) € Py, we have

x%x [Q(x)p(x)] — XN(%f)x[p(X)]

E [(Qx) - Q" (x)p(x)]| < ellpx)llp, .2 -

x~ Dy

With Lemma 5.5 and Lemma 5.7 at hand, we are able to directly prove Theorem 5.1.

Proof of Theorem 5.1. By Fact A.9, we know that for every w € S% 1, H(w . X)iHD , < (Ck)*,
for i € [k] So, by applying Lemma 5.7 with ¢; = 2-OF) A over Dy and A we can find a degree
k-polynomial Q(x') with [|Q(x)||p, » < O(log"(1/a)) such that for every unit vector w € S¥~1, and
i€ [k

x)(w - %) — w-x')! Ok A
B 0] B (wex)] <2



Algorithm 4 MisMATCHFINDING(Finding a direction along which moment discrepancies)

1: Input: Sample access from D, event A, degree k, parameter A

2: Output: v € S* ! or 1, indicating D and D + have nearly matched moments

3: Apply Lemma 5.7 to Dy and A with parameter ¢; = 2-O0F) A and degree k to get a degree
k-polynomial Q(x).

4: Run Algorithm 3 with input Q(x) — 1, degree k and parameter ¢ = O(Alog *(1/a)) to get a
subspace U

5: Let DY) be the distribution of projy(x)

6: Apply Lemma 5.7 to D,(CU) and A with parameter e = 2~ 0% log *(1/a)A and degree k to get
a degree k-polynomial Q'(x).

7: Run Algorithm 3 with input polynomial Q’(x) — 1, degree k and parameter ¢ = 2-O(K))A to get
a subspace V.

8: Run a brute-force search over V to find a vector v € S%! such that
|Ex~py[(v - x)1] — Ex~p, (V- x)’]| > 2-OF) A for some i € [k].

9: If such a vector is not found, then return |, otherwise return v.

Consider the k-symmetric linear form f(v(V,... v*) = Exop [(Q(x) — 1) Hle (v . x)]. By

[BST71], for every subspace V, supy) _yeyngi-1 Fv, L o®)Y) = supyeypgi-t f(v, ..., V). By

applying Lemma 5.5 on Q(x) — 1 with distribution Dy, we find a subspace U with dimension

(QO(k‘) 1ogk(1/a) log® (al)/A)QO(k)7 such that

E [(Q() — 1)(w- x)kn\ <200 gup  sup

E [(Q(x)—1)(v- x)i)]‘ + A/100.

sup
wesd—1 [x~Dx i€[k] veUnsd—1 |x~Dx
If there is some w € S9! such that )EXNDX[(W )k — Exo Dp)x [( - X) ]‘ > A, there exists a unit
vector u € U and i € [k] such that |Ex.p, [(Q(x) — 1)(u ‘ > 270 A and thus
E [(u-x)]- E u-x)7| > 279¢)A,
B L= B (] >

Denote by D,(CU) the distribution of a = proj;;x and DSCU) the conditional distribution of D,(cU)
over A. For every u € U and ¢ € [k], we have

Bla)- B lwl= Bola- B e

Since D,(< Visal /2-isotropic logconcave distribution, by applying Lemma 5.7 to D( ) with €2 =
~O(*) A, we can find a degree k-polynomial Q’(a) with ||Q’|| < O(log*(1/a)) such that for

every unit vector w € U and i € [k],

D) 2 =
[@(a)(w-a))]— E [(w-a)]|< 2O A
aND,((U) aNDE,U)

By applying Lemma 5.5 on @’(a) — 1 and distribution D,(CU) we find a subspace V with dimension
(20 1og* (1 /) log" log(d)/A)QO(k) such that

sup E [(Q(a) - 1)(w-a)f)]| <2 sup  sup E [(Q(a) - 1)(v-a))]| +279¢*)A,
weU,|w|l,=1 |a~D{") i€[k] veV,|v],=1 |a~DL"

33



Since there exists a unit vector u € U such that |Exp, [(Q(x) — 1)(u- x)k)]| > 270 A we know
that there exists a unit vector v € V such that |Ex.p, [(Q'(x) — 1)(v - x)")]| > 270+ A and thus

i i —O(k?
B v = B [(vex)] > 2700a,
By running a brute force search over V', we find such a vector v. In particular, if no such vector v is
output, then it must be the case that for every w € S 1, |Exp, [(W - x)¥] — Ex~p,[(W - x)F]| < A
Finally, we upper bound the sample and time complexity of the algorithm. In Algorithm 4, we
run Algorithm 3 and Lemma 5.7 twice. Each run of Lemma 5.7 takes poly(2()d* /(aA)) sample
and time. Each run of Algorithm 3 takes at most d°®)(20() 1og*(1/a) logk(d)/A)ka) sample and
time. Finally, since the final found subspace V has dimension (20%+*) log*(1/a)logk log(d)/A)QO(k>,

20(k)

the brute force search takes time 20(k*los(1/A)dim(V)) — 9(log(1/a)loglog(d)/A) . Thus, the al-
gorithm draws d°®) (log(1/a) log(d)/A)QOW sample and runs in d°®) (log(1/a) log(d)/A)Qo(k> +
o(log(1/a) loglog(d)/A)27 ™) 1. =

6 Proof of Theorem 2.8 and Testable Learning Extensions

In this section, we put together results established in the previous sections to complete the proof of
Theorem 2.8 and also provide our testable learning extensions.

Proof of Theorem 2.8. By Theorem 5.1, for any a, € € (0,1) and for any fixed constant c(k, A) > 1,
there is a (k, A, 2-0(k?*) (cve)°tA))-discrepancy finder A,, for Dy and (Dy)x, with sample complexity
do(k)polykA((ae)_l) and time complexity dO®)2rologral(@)™) whenever W (D)—the weight of
D over R? x {0,41}—is at least (ae)®®A),

Let ¢ = 9¢/10. Let D be any distribution R? x {0, 41} with weight (c’) and Dy a logconcave
distribution. By Theorem 4.2, applied with n = €/20 and A,, as the discrepancy finder, it follows
that whenever optp () < (1 —n)/C, Algorithm 1 draws do(k)polykA((ae)*l) samples from D,
runs in poly(dk)2p°1y1°gk’A((°‘6)_l) time and with probability at least 99% outputs a hypothesis h with
eerf(iL) < 1/2—Q(Pn). In other words, there is a (Q2(ef3), C'/(1—n))-weak partial learner for H under
Dy with sample complexity do(k)poly,% A((ae)™1) and time complexity poly(dk)2p°1y1°gkvﬂ((ae)fl).

By Theorem 3.2, it follows that by calling the weak partial learner O((e8)~2/€’) times, we obtain
a hypothesis h with errp ; (h) < Coptp S(H)/(2(1 —n)) + €. Without loss of generality, we assume
that (C/2)optp, (H) < 1/2; otherwise, the guarantee is vacuous. This implies that

errp, (h) < Coptp, (H)/(2(1 —n)) + ¢ < (C/2)optp (H) + 21 + € < (C/2)optp, (H) +e,

where the last inequality follows by our choice of €. This concludes the proof of Theorem 2.8. [

Testable Learning The algorithm establishing Theorem 2.8 automatically gives an algorithm
with the same complexity that succeeds in the testable learning framework [RV23|, for any fized
logconcave distribution.

Before we state our relevant theorem, we start with the definition of testable learning.

Definition 6.1 (Testable Agnostic Partial Learning under Logconcave Distributions). Let H be a
class of Boolean (i.e., {#1}-valued) functions over R%. Let D be a distribution over R% x {£1,0}
and Dy be the conditional distribution of D over the event € = {(x,y) | y # 0}. The error of
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h:RY — {£1} is defined as errp,(h) = Prx)op,[h(x) # y| and let optp () = infpey errp, (h).
Given a set of i.i.d. examples S drawn from D and parameters €,6 € (0,1), a testable learner with
respect to a given base distribution Dg over R can either reject S or accept and output a hypothesis
h:RY— {£1}. Further, the following conditions must be met:

1. (Soundness.) With probability at most &, the learner accepts but oulputs a hypothesis h,

~

errp,(h) > F(opth (H)) + €, for some function F : (0,1) — (0,1).

2. (Completeness.) Whenever Dy = Dpg, for some known logconcave distribution Dp over RY,
the learner will accept with probability at least 1 — 6.

For short, we say such a learner testably learns H with respect to Dp to error F(opth (H)) + € with
probability 1 — 0.

Our extension of Theorem 2.8 to the testable learning setting is as follows.

Theorem 6.2 (Testable Agnostic Partial Learning). Consider the task of testable agnostic partial
learning H under logconcave distributions. Suppose that H is (k, A, B, C)-weakly learnable by an
algorithm A with sample complexity m and time complexity T. Then there is a testable agnostic
partial learning algorithm for H with respect to a logconcave distribution Dp with the following
guarantee: given any € € (0,1) and sample access to any distribution D over R% x {0, £1} of weight
W (D) > « and sample access to Dp, the algorithm draws (1/ﬁ2)do(k)polykA(l/(ae)) m samples

from D and Dg, runs in time (1/3%)d°®) oPolyk,alog(1/ (@) T ynd testably learns H with respect to
Dp to error (C/2)optp, (H) + € with probability at least 99%.

Our algorithm for Theorem 6.2 will be essentially the same as the algorithm for Theorem 2.8
with the following modification. In the process of running Algorithm 1, we compute a partition of
space so that (if our distributional hypotheses are satisfied) almost all of the mass of (Dy)x lies in
regions where the central moments of (Dy)x and Dp approximately match (as is certified by our
discrepancy finder). For the testable learning setting, as a high-level idea, we will essentially run
Algorithm 1 identically, except every time we draw a sample from Dy, we draw it from Dpg, and
we stop the algorithm after using an appropriate amount of time and samples. If a partition is
generated successfully before we stop the algorithm, then it is likely that we can get a weak partial
hypothesis using this partition; otherwise, we just reject. In particular, if Dy = Dp, we will accept
with high probability, as the input is the same as the one in the standard learning setting.

To formalize the above intuition, we will define a testable discrepancy finder as follows.

Definition 6.3 ((k, A, ¢)-Testable Discrepancy Finder). For k € Z,,A > 0,¢,€ (0,1), we say
that an algorithm A is a (k, A, c)-testable discrepancy finder for Dy, if it satisfies the following
performance guarantee: given sample access to a 1/2-isotropic logconcave distribution Dy over RY
and a distribution D} over R?, and accuracy parameter € € (0,1/2) and weight parameter o € (0, 1),
it either rejects or accepts. With probability at least 99% over the sample access, if it accepts, it
will output a distribution D,, over R, with dty (D, DY) < €, and a direction v € S' and i € [k]
such that |EXNDX[(V X)) = Exop,, (V- x){]| > cA, if there exists w € S*™™! and j € [k] such that
|Ex~Dy [(W - x)7] — Exwp,, [(W - x)7]| > A. Furthermore, if D} is a conditional distribution of Dy
over some event with mass at least o, with probability at least 99%, the algorithm will accept.

Lemma 6.4. For every 1/2-isotropic logconcave distribution Dx over R, for everyk € 7, A € (0,1),
there is a (k, A, 2_0(’“2)) testable discrepancy finder for Dy with sample complexity do(k)polyk’A(l/(ae))
and time complezity poly(d¥ /e)2ro1o8r.a(l/e)
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Proof of Lemma 6.4. By Lemma 5.5, Lemma 5.7 and Theorem 5.1, suppose there is a degree k
polynomial Q(x) with [|Qllp,» < O(log®(1/a)), such that [Ex~p,[Q(x)p(x)] — Ex~p,, [p(x)]| <
27O A for every degree k polynomial p(x) of the form p(x) = Hle(w(i) -x), where w(®) € §9-1,
then Algorithm 4 with such a function Q, will output in time dO®)gpolvlogka(1/) 5 Jirection
v € S and i € [k] such that [Ex.p,[(v - x)"] — Exup,,[(v - x)]| > cA, if there exists w € S%~!
and j € [k] such that |Ex.p,[(W-x)/] — Exup,, [(W-x)7]| > A.

Given sample access to Dy, we will first use poly(1/(ce)) example to check if Pryp [||x[|, >
100C log(1/ce)V/d] < ce/100. If not, we will simply reject. Since Djp is a 1/2-logconcave distribution,
we know from Fact C.2 that for ¢ > 1, we have Pryup,[||x|, > CtVd] < exp(—tv/d), which implies
that if D) is a conditional distribution of Dp over some event with mass c, then Pry.p [[|x|, >
100C log(1/ae)v/d] < ae/100 and we will not reject with high probability at this step.

Notice that the distribution D,,, defined as D) conditioned over examples with norm ||x||, <
r := 100C log(1/ae)V/d satisfies dty (Dy,, D) < €. To complete the proof, it suffices to find a Q
function discussed above. By Lemma 5.7, if D is a conditional distribution of Dp over an event
with mass «, such a function @ exists. So, it suffices to find such a polynomial @) using only sample
access to Dy, and Dp. Let By = d9®) . We will use linear program to find the coefficient (qc¢)¢ of
polynomial Q(x) = >, qexS, with 1Qllp, < O(log®(1/a)) such that for each monomial x¢,

E [Qx)x‘]— E [xC]lgB;pOW)A.

x~Dpg x~Dm

Notice that suppose this holds, then for every polynomial p(x) = H?Zl(w(i) X) = ZC aCxC7 we have

E [Qx)p(x)] - E [p(x)]

x~Dp x~Dpm

< B2 9®IA N ag| < 27909A,
¢

Here, we use the fact that ZC lac| < d9%) . The above linear program can be built by using samples

from Dp and D,, to estimate Exp,[x¢] and Exp,, [x‘] to error B;iQ*O(kQ)AM. We remark
that if such a function Q(x) is not found, then we can just reject. Since Dp is logconcave, for
each monomial, we can take the empirical mean of x¢ using 2*O(k2)poly(dk /A) examples to do this
estimation. Since x ~ D, has bounded norm r, we know that we can take rO® 20+ poly(dF /A)
examples from D,,, we can estimate the expectation of x¢ to the desired accuracy. This completes
the proof. O

Proof of Theorem 6.2. We run the algorithm in Theorem 2.8 with a modified version of Algorithm 1.
Let T,~, 7, and £ be as in Algorithm 1. Every time Algorithm 1 draws an example from Dy, instead,
we draw it from Dp. Every time Algorithm 1 calls a discrepancy finder for (Dg)x and ((Dg)¢)x over
some region R, we will call a (k, A, ¢)-testable discrepancy finder for (Dpg) |gr with input distribution
((DR)f)x with parameter weight parameter £e and accuracy parameter € = (cA&2€%) /T, We will
terminate the algorithm mutually and reject if its running time exceeds dOF) 2polyra(1/€) or draws
more than do(k)polyk’ A(1/€) samples or it stops because the testable discrepancy finder rejects or a
good split is not found.

If a partition U is output, we will check if }°pp Pr(x y)~p,[x € R] < /2, where B={R €U |
Pr(x,~p,[x € R] < &}. We will reject if it is not the case, and otherwise we will run the weak
learner over each region R with Pr(y ,).p,[x € k] > § over the distribution output by the testable
discrepancy finder. Since the distribution (Dpg),, output by the testable discrepancy finder has TV
distance at most €, over all such regions R, we only throw away at most £ fraction of the mass.
Furthermore, by the definition of the testable discrepancy finder, for every R € U, with Pr(y ,)p ; [x €
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R] > £, it holds for every u € S9! and for every i € [], Ex(Dp)p (W X)" = B y)o(Dp)n (0 x)l} <
A, which implies that the modified version of Algorithm 1 will output a hypothesis with Q(ng3)
advantage over Dy. Thus, the algorithm used for Theorem 2.8, will succeed. Furthermore, since the
testable discrepancy finder will accept with a high probability when Dy = Dp, we know that the
whole testable learning algorithm will accept when Dy = Dp with a high probability. O

7 Algorithmic Applications on Concrete Hypothesis Classes

In this section, we give algorithmic applications of Theorem 2.8 to several fundamental families of
multi-index models.

Organization of This Section In Section 7.1, we will give basic technical lemmas that will be
used for designing algorithms in this section. In Section 7.2, we introduce a generic family of concept
classes that can be partially learned using Theorem 2.8. Specifically, we show that a wide range
of “smooth” K-MIMs H have an efficient (¢, A, 8, C')-weak learner, where the parameters ¢, A, 5, C
only depend on geometric properties of the underlying class. This implies that any such family
of smooth MIMs admits an agnostic partial learner under logconcave distributions with sample
complexity polyx a(d,1/€) and computational complexity poly . Ald)2Poo8ra(/€) - We remark
that the parameters (¢, A, 8, C) for the weak learning algorithm above could be qualitatively quite
large, if they are derived directly from the underlying geometric properties of the class. To rectify
this, in Section 7.3, we show that MIMs that admit low-degree L;-sandwiching polynomials can be
learned to any constant factor approximation using our framework. As a corollary of this result,
in Section 7.4, we obtain such a constant factor approximation for agnostically learning functions
of halfspaces and low-dimensional low-degree PTFs. In Section 7.5, we use a refinement of our
framework to obtain improved learning algorithms for agnostic partial learning of halfspaces under
logconcave distributions. Finally, in Section 7.6, we leverage these algorithms to obtain efficient and
robust learners for multiclass linear classification.

7.1 Basic Tools for Weak Learning Algorithms

In this subsection, we give some basic tools that we will use in the following subsections. By
Theorem 2.8, given a hypothesis class H, to design an agnostic partial learner under logconcave
distributions, it suffices to design an efficient (k, A, 3, C')-weak learner for it.

Our weak learner makes use of the following simple framework. Given a distribution D over
R? x {41}, if we can find a real-valued function g(x) such that E(x,y)~p[yg(x)] is non-trivial, then
we can sample a random threshold ¢ € [—1, 1] such that errp(sign(g(x)) — ¢) has small error with
non-trivial probability.

To formally formulate this framework, we give the following lemma.

Lemma 7.1. Let D be a distribution over R? x {£1}, and let H be a hypothesis class over R, Let
h* € H be such that errp(h*) = opt = infyey errp(h). For a real-valued function p : R — R and
B >0, the following holds.

1. If B, [*(x)p(x)] > B and opt < F2(Exep, [0 (x)))™1/16, then By plup(x)] > /2.

2. If B y)plyp(x)] > B, then the function g(x) : R? — [—1,1], defined by

9(x) = proji_y (ﬁp(X)( B [p2<x>1>1/4) 7 (5)

x~Dy
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satisfies E(x’y)ND[yg(X)] > Q(ﬁ2/(Ex~Dx [P2(X)]))

Proof of Lemma 7.1. The first item of the statement holds because of the follows

(&gmwmwk=mgmwﬂwmmy+®£dﬁy—mgwmw]
> B epeol -2 B[y # 8 (x)} b))
> B [W(op(x)] -2 \/opt B0 > 8= B/4 =38/,

Here, in the first inequality, we use the fact that A* takes values in {£1}. The second inequality
follows from Holder’s inequality. The third inequality follows from the assumption that opt <
B%(Ex~p,[p*(x)]) "' /4.

In the rest of the proof, we prove the second item of the statement. Let W := 4(Exp, [p*(x)])/8-
We have

w9 = B WG)H{px)l < Wi+ B lyg(x)1H{px)| > W]

By the choice of W, we have

LB oGn(ip()| > WH| < Pr [peo] > W< B [p%60]/W? < 5/(16( B, [*(00)]).

Here the first inequality follows from the fact that |yg(x)| < 1 and the second inequality follows
from Markov’s inequality. Furthermore,

PGPl < Wi = B lp()l = B peot{lp(x)] > W

> (X#BJND[yp(x)] - \/x E [p*(x)] Pr [lp(x)| > W]
>p—pB/2=5/2

which implies by the definition of g(x) that

W B JusGL(ip(x)| < WY = 38°/(16( B (o).

So, we conclude that g(x) : R* — [—1,1] satisfies E(x y)~p[yg(x)] > Q(B?/(Ex~Dy[P?(X)])). O

Lemma 7.1, shows that for an agnostic learning problem, suppose we have some real-valued
function p(x) such that the correlation Ex.p, [A*(x)p(x)] is non-trivial, where h*(x) is the hypothesis
in the target class that achieves the optimal error, then as long as opt is reasonably small, we can
find a function g(x) with values in [—1, 1] such that it has non-trivial correlation with respect to
the noisy label y. Once such a [—1, 1] valued function g(x) is found, we can easily round it into a
boolean function as a weak hypothesis over the noisy distribution D.

Fact 7.2. Let X be a domain of examples and let D be a distribution over X x {£1}. Let
g(x) : X — [=1,1] such that Ex.plyg(x)] > v, then By |y ylerrp(sign(g(x) —t))] < (1 —7)/2.
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Proof of Fact 7.2. To simplify the notation, let ¢:(x) = sign(g(x) —t),t € [-1,1]. Fix an example
(x,y) € X x {£1}. If y = 1, then we have Pr,_; yj[g:(x) # y] = (1 — g(x))/2, while if y = —1,
then we have Pr, [ 1j[9:(z) # y] = (1 + g(x))/2. This implies that for every example (x,y), we
have Pry 1 1)[9:(x) # y] = (1 — yg(x))/2. Thus, we have

1—yg(x) 1-1v
E - E P — < .
B lerrp(gt)] wbn [ 5 [9:(x) # ] N <—

7.2 Generic Family of MIMs

By Lemma 7.1 and Fact 7.2, to get an efficient weak learning algorithm for a class H under a
distribution D, it suffices to show that when the moment information of the marginal distribution
is close to that of some logconcave distribution, then we can efficiently find a polynomial with
non-trivial correlation with respect to the optimal hypothesis.

Based on this observation, we show that a broad family of MIMs that satisfies a natural
“smoothness” condition can be efficiently weakly learned. Specifically, we introduce the following
generic family of MIMs.

Definition 7.3 ((K,n)-good Multi-Index Models). We say that a family of Boolean functions H on
R is a (K,n)-good class of Multi-Index Models if it satisfies the following properties:

1. H is a family of K-Multi-index models (K-MIMs). That is, for every h € H there is a K-
dimensional subspace V. C RY such that h(x) = h(projy (x)). Equivalently, there is a class

of Boolean functions G over RE such that for every h € H there exists g € G and a matriz
W € REXD with WW T = Iy so that h(x) = g(Wx).

2. Bvery g € G, such that h(x) = g(Wx) for some h € H, satisfies the following condition: For
every ellipsoid E = £(u, A), in RE | there is a ball E' = £(v, A/n) such that E' C E and g(x)
has a constant sign over E'.

Intuitively, any function in a (K,n)-good class of MIMs has a reasonably smooth decision
boundary, so that the classification of points will not change too frequently within a small ball.

As a concrete example, consider the class of halfspaces—a basic class of 1-MIMs. Given any
interval I/ C R and any one-dimensional linear threshold function, one can always find a subinterval
I' C I, with half of the length, such that examples in I’ have the same sign. This means the class of
halfspaces is a (1,1/2)-good class of MIMs.

Our main learning result for (K, n)-good classes of MIMs is the following theorem.

Theorem 7.4 (Agnostic Partial Learning of Good MIMs). Let H be a (K,n)-good class of MIMs
over R, There is an algorithm such that for every distribution D over RY x {0,+1} with Dy
logconcave and W (D) > «, given € € (0,1), it draws (dﬁ)ow)polyKW(l/(ae)) samples from D, runs
in ()OO 2Pl .y (108(1/ (@) time where £ = exp((K/n)°E)), and outputs a hypothesis h such that

with probability at least 99%, errp,(h) < exp(O(Llog{))optp, (H) + € .

By Theorem 2.8, to prove Theorem 7.4, it suffices to design an efficient weak learner for any
(k,n)-good class of MIMs H. To achieve this, we establish the following technical lemma, that gives
a basic condition under which a general hypothesis class H can be efficiently weakly learned.
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Figure 3: Generic Geometric Concept Class

Lemma 7.5. Let H be a hypothesis class over R and D be an arbitrary 1/2-isotropic logconcave
distribution over R%. Suppose that for every h € H, the following statement is satisfied: there is a
polynomial p : RY — R with zero mean under DL, such that either (i) if h(x) = 1, then p(x) > 7, or
(i) if h(x) = —1, then p(x) < —v. If each polynomial p has the form p(x) =), ¢; H?;l(w(zj) - X)

with ¢; < €, w) € S*1 and max {Zl leil >, el ‘H?;l(w(”) X)‘

algorithm with the following guarantee. For any distribution D over R x {41} such that for every
w € S and i € [20], |Exp, [(W-x)"] = Exup[(w-x)7]| < A < yB~12700) with optp(H) <
O((y/B)?), the algorithm draws poly(d®, B/v) examples from D, runs in time poly(d’, B/v), and
outputs a hypothesis h such that errp(h) < 1/2 — Q((y/B)?) with probability at least 99%.

} < B, then there is an
DL,2

Roughly speaking, the condition in Lemma 7.5 assumes that each function A € ‘H has a one-sided
approximation by a mean-zero low-degree polynomial p, which can be written as a sum of products
of linear functions with small Lo-norms under a logconcave distribution DY. Specifically, this means
that Ex.p: [p(x)] = 0 and whenever h(x) = 1, it must be the case that p(x) > v > 0. The
structure of p(x) implies that if x is drawn from Dy, a distribution that approximately matches
moments with D/, the mean and the Ly norm of p(x) will not change too much. This implies if
we take h(x) to be the optimal hypothesis, then, under Dy, h(x) and p(x) must have non-trivial
correlation—because Ex.p, [h(x)p(x)] ~ Ex.p, [(h(x) + 1)p(x)]. By Lemma 7.1, this implies that
there is some low-degree polynomial that has non-trivial correlation with the label y, if optp(H) is
sufficiently small. Therefore, we can run a simple polynomial regression subroutine to find such a
good polynomial and turn it into a weak hypothesis.

Proof of Lemma 7.5. Let h* € H be the hypothesis, such that errp(h*) = opt and let p(x) be a
degree £ polynomial in the statement for h*. Without loss of generality, we assume that when
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h*(x) =1, p(x) > 7. Since Ex.p[p(x)] = 0, we know that under Dy, we have

=Y e B [ 0]~ E [[[w-x)

x~D
i * =1 x =1

E [p(x)]

x~ Dy

4;

¢
<Z|Qy H (i) . XND/ Hl w(@)
j=
(2¢) Z‘Cl|

Here, we use the fact that when ‘EXNDX[(W -x)"] = Exwpy[(W - X)ZH < A for every w € S%! and
i € [20), (B, [T (W) )] = By [T, (w0 - )] < (2€)°A, when Y5 < €.
This implies that

E [ (x)p(x)] = E [(h*(x) + p(x)] = E [p(x)]

x~Dx x~Dx x~Dx
> B [(h*(x) + Dp(x)] ~ 7/20.
Notice that if Pryxp,[h*(x) = 1] < 1/3, then a constant polynomial p~(x) = —1 satisfies the

statement. So, we can assume that Pryp, [h*(x) = 1] > 1/3. This implies that

E [h*(x)p(x)] > v/3 — /20 > ~/6.

x~Dyx

On the other hand, we have

Zi ei
Il < D lel | TT(w™ - x) <O Y lal|[JT-x) = O0(B).
i j=1

Dy .2 i g=1 D2
By Lemma 7.1, it follows that when opt < O((7/B)?), we have Ey ,).plyp(x)] > 7/8.

Using polynomial regression [KKMS08|, we can draw poly(d‘/y) examples from D, run in
poly(d‘/~) time, and compute a polynomial p such that E(x . p[yp(x)] > Q(7) and Ex.p, [p*(x)] <
O(B). By Lemma 7.1 and Fact 7.2, we can round the computed polynomial p(x) into a Boolean
function h(x) such that errp(h) < 1/2 — Q((y2/B?)). This completes the proof of Lemma 7.5. [

To prove Theorem 7.4, it suffices to show that any (K, n)-good class of MIMs H satisfies the
assumption given by Lemma 7.5, which automatically gives a weak learning algorithm. Formally, we
give Lemma 7.6 below.

Lemma 7.6. Let H be a (K, n)-good MIM family over R:. There is an algorithm A that draws (d¢)°®)
examples, runs in (d0)°©) time and (2¢, exp(—£log ), exp(—O(£logl)), exp(O(£log {)))-weakly learns
H with probability at least 99%, where £ = exp(O(K*/a*)) and o = {2~ O(Klog K)

Before we proceed with the proof of the above lemma, we note that Theorem 7.4 is a direct
corollary of Theorem 2.8 and Lemma 7.6.

We give the intuition behind Lemma 7.6. Since the value of a function h € H at a point x
only depends on the projection of x onto some K-dimensional subspace V', for a given logconcave
distribution D/, we will instead consider the distribution x’ ~ DY the projection of x onto V/,
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which is still logconcave. By the anti-concentration property of logconcave distributions, points
within a ball centered at the mean of DY have density at least 2-O0(K) By the goodness of H, after
a proper affine transformation, there is a ball of volume n°S) in this region with negative sign and
thus contains a box S within the ball with (/K)?) volume. This implies that the box S has
non-trivial probability mass under DX . We will construct a polynomial p(x’) that always upper
bounds the indicator 1{x’ ¢ S} and is close to it in L; norm under DY. This implies that the
polynomial p'(x’) = p(x’) — Ew_py [p(x')] is slightly larger than 0, whenever x’ is positive. To get
such a polynomial, we will make use of the following result from [KKM13| which gives a low-degree
construction of a pair of polynomials that “sandwich” any function of halfspaces.

Theorem 7.7. [Theorem 15 in [KKM13]] Let Dy be any logconcave distribution in R, and let f(x) =
g(hi(X), ..., hm(x)) : R* = {0,1} be a function of m halfspaces, where hi(x) = sign(w®® - x +t;).
For every € > 0, there is a pair of polynomials p*, p' with degree exp(O(m/€)*), such that for every
x € RY, pl(x) < f(x) < p“(x), and Exp,[|[p"(x) — p'(x)]] < e

Finally, since the constructed polynomial p’(x’) is a low-degree polynomial over a K-dimensional
subspace V', we can expand each monomial of p' in a form of [];(w®® - x), where w(® is a standard
basis vector of V. This implies that we can control the size of p’ as a function that only depends on
K. Therefore, ‘H satisfies the condition of Lemma 7.5, and we obtain a weak learning algorithm for
H. We give the proof of Lemma 7.6 below.

Proof of Lemma 7.6. Let L : R* — R? be any invertible affine transformation. By the definition of
a good MIM, we know that if H is (K, n)-good, then Hy, := {h(Lx) | h € H} is also (K,n)-good. It
suffices to give an algorithm such that for every input distribution D, if there is an 1/2-isotropic
logconcave distribution that has low-degree moments approximately matching with Dy and optp(H)
is small, then we can get a weak hypothesis over D.

Let D! be any 1/2-isotropic logconcave distribution. Let h(x) € H such that h(x) = h(projy (x)),
where V is a K-dimensional subspace. Write h(x) = g(Wx), for g € G and W € RE*4 guch that

Denote by DY the distribution of x' = Wx for x ~ Dy and by p=E_, ) [x']. Notice that
D,((V) is a 1/2-isotropic logconcave distribution over RX. We without loss of generality, assume that

pn=0.

Let B =BX~1(0,1/18). Since H is (K,7)-good, we know that there is some B’ = BX~1(v,7/9)
such that B" C B and for every x’ € B’, we have g(x’) = 1 or g(x’) = —1. Without loss of generality,
we assume ¢g(x') = —1. Let S C B’ be the largest box contained in B’. We will next lower bound
Prx’ND,((V) [X/ S S]

Notice that the largest box contained in B¥~1(0,1/18) has volume 2-C( 108 K) 'which implies that
Vol(8) > n2-O0Kloe K) By Fact A.1, we know that for every x’ € S, the density DY (x/) > 278K,
This implies that

PI‘(V) [X/ S S] = / D,({V) (X/)dxl > 278KV01(S) > nK2fO(KlogK)'
x/~Dx S

Notice that the box S is an intersection of 2K halfspaces. By Theorem 7.7, there is a polynomial
p(x’) with degree ¢ = exp(O(K*/a*)) such that

p(x') < 1{x' € S}, /NE(V)H]I{X/ €St-p)|] <o
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> pio-O(KlogK) p X' € 5]/2, the polynomial

p(x) = E . oW [p(x')] — p(x') satisfies p/(x") > « for every 2/ € S. In particular, since g(x') = —1

Since Pr_, o)[x" € ] , by setting o = Pr_
for every x’ € S, we know that p/(x’) > «, when g(x') = 1.

In particular, we have p'(Wx) > « whenever h(x) = 1 and Ex.p,[p'(Wx)] = 0. Let
w .., w&E) be the row vectors of W. Then we have

£;
p'(Wx) = Zci H(w(j) X)),
j=1

with £; < ¢, for all i. Since E_, o [[p/(x)[] < 2a; it follows from Fact A.12 that
4; ‘
S el |9 - %) <exp(O(flogl)) E )Hp’(X/)H = exp(O(£log 0)).

J plV
J=1 D2 x

Let B = exp(O(flog¥)). By Lemma 7.5, we have that when the input distribution D has its
marginal distribution Dy approximately matching the moments of D7, we can weakly learn H in
time (d¢)°®), when ‘EXNDX[(W +x)"] — Expy [(W - x)ZH < A < aB 12790 = exp(—0O(flogl)) and
opt < (a/B)? = exp(—O(£log¢)). This completes our proof. O

7.3 Weak Agnostic Learning via Sandwiching Polynomials

Although Theorem 7.4 gives agnostic partial learning algorithms for a broad class of MIMs under
logconcave distributions, the parameters of the (k, A, 8, C)-weak learner that we derive from the
geometry of H are not good in general. As a result, the final learning algorithm only gives a
reasonable hypothesis when opt is very small.

In this section, we show that if a hypothesis class H admits low-degree L sandwiching polynomial
approximation, then we are able to perform agnostic partial learning for such a hypothesis class to
error (1 + c)opt, for any desired constant ¢ > 0, with much better complexity.

We formulate the class of functions we are interested in as follows.

Definition 7.8 (MIM Classes with Low-Degree L;-Sandwiching Polynomials). Let H be a hypothesis
class over RY and let £ : (0, 1] = Z4 be an integer-valued function. We say that H is a K-MIM that
admits degree-f Ly sandwiching polynomials, if the following conditions hold.

1. H is a family of K-Multi-index models (K-MIMs). That is, for every h € H there is a K-
dimensional subspace V. C RY such that h(x) = h(projy (x)). Equivalently, there is a class
of Boolean functions G over RE such that for every h € H there exists g € G and a matriz
W € REXD with WW T = Iy so that h(x) = g(Wx).

2. For any c € (0,1), for every g € G, for every logconcave distribution Dy over RX | there is a pair
of degree £(c)-polynomials p',p* such that for every x' € RX

P(x) <g(x) <p(x), E [p"x)-p )<

x'~Dx

Our main result of this subsection is the following theorem.
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Theorem 7.9 (L;-sandwiching Polynomial Approximation Implies QPTAS). Let ‘H be a hypothesis
class over RY and let £ : (0,1] — Zy be an integer-valued function. If H is a family of K-MIMs
that admits degree-¢ Ly sandwiching polynomials, then there is an algorithm such that for every
input distribution D over R? x {0,41} of weight at least o, with logconcave marginal, for every
c,e € (0,1), it draws (dﬂ)o(e)polyKﬁ(l/(ae)) examples from D, runs in (d¢)OD)2roWxk (0g(1/(ac))
time, where £ = £(c/6), and outputs a hypothesis h such that with probability at least 99%, eerf(fl) <
(1+c)optp, (H) +e.

By Theorem 2.8, to prove Theorem 7.9, the central technical lemma we need is that any MIM
that admits low-degree sandwiching polynomials is weakly learnable.

Lemma 7.10. Let H be a hypothesis class over R? and let £ : (0,1] — Z, be an integer-valued
function. If H is a family of K-MIMs that admits degree-€ Ly sandwiching polynomials, then there is
an algorithm such that for every c € (0,1) and for every input distribution D over R% x {41} such that
there is some 1/2-isotropic logconcave distribution D over R? that satisfies for every unit vector w and
i € [20], |Exapny (W %)) = Exopy [(W-%)]| < A < exp(—O(K/{logt)) with optp(H) < (1—c)/2,
where £ = £(c/3), it draws poly((£d)’/c?) examples from D, runs in poly((£d)’/c?) time and outputs

~

a hypothesis h with error errp(h) < 1/2 — cexp(—O(Llog €)) with probability at least 99%.

We sketch the pseudo-code of the weak learning algorithm in Algorithm 5.

Algorithm 5 POLYNOMIALWEAKLEARNING(Weak learning using Polynomial)

1: Input: Sample access to D, diameter parameter B > 0, advantage parameter (5, degree of
polynomial /.

: Output: h : weak hypothesis over D.

s hy(x):=1, ho(x):=—1,C:={hy,h_}

. Draw S ~ D™ a set of m = O(d’/3?) i.i.d. examples from D

. Find polynomial p(x), with Ex.p[p?(x)] < B that maximizes 2 (xy)es(yp(x)) through polyno-
mial regression

: 9(x) = proji_y 1)(Bp(x) (Ex~p, [P*(x)]) " /4)

. for i € [O(B?/4?%)] do

Sample ¢’ uniformly from [—1, 1] and define h;(x) := sign(g(x) — t')

C+CuU {hz (X)}

10: Draw S’ ~ D™ a set of m = O(d/f?) i.i.d. examples from D

11: return h := argminy, .. P xyes HA(x) # y}.

Tt W N

Intuitively, if we pick up A" to be the optimal hypothesis in H, then E( ,)p[h*(x)y] > ¢. Then,
E(x y)~p[p"(x)y] is at most Ex.p, [p"(x) — p(x)] far from E(x ,)p[h*(x)y]. Since the sandwiching
polynomials only depend on the projection of x onto some k-dimensional subspace V', we can upper
bound the sizes of these polynomials as a function of k. As a result, as long as Dy approximately
matches its low-degree moment with some logconcave distribution D%, Ex.p, [p*(x) — p'(x)] is close
to Exp. [p"(x) — p'(x)]. This implies that E(x y)~p[p"(x)y] is at least (c), which gives us a weak
hypothesis, whenever opt < (1 — ¢)/2.

Proof of Lemma 7.10. Let D’ be a 1/2-isotropic logconcave distribution. Let h*(x) be the optimal
hypothesis in H such that errp(h*(x)) = opt = optp(#). Let V be a K dimensional subspace such
that h*(x) = h(projy (x)). Write h*(x) = g(Wx), with WW T = Ix, . We denote by DY) the
distribution of x' = Wx,x ~ D,
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We notice that E(x ,).plg(x)y] = Ex,~plh*(x)y] = 1 — 20pt > c. Let p*(x'),p'(x’) be upper
and lower polynomials for g(x’)

[[p"(x) = P ()| < /3.

x’ND,((V)

We write p*(x’) = >,/<¢ aa(x)* and p(x) = > jaj<e ba(x')*. Since EX,NDQ/)Hp“(X')H < 2 and
Ex/ND(V)le(XI)H < 2, by Fact A.12, we have

) 1/2 , 1/2
> (1ol B, [0)%1) < exp(Otktiont), Y- (Il B, (1) < explOUsIog).

x~D
|or| <k |or| <k *

Since |Ex~p, [(W - x)"] — Exop[(w - x)']| < A, for w € S*! and i € [2], we have

E p'x)] - E [p"x)]

x~Dx x~Dl

>l B (6]~ B ()]
< Z |laq |

< (20)"> laa| A < /6.

(B, ()%~ B, [0)°])

/
x~Dj

Similarly, we have

E p'x) - E )=

x~Dx x~ D!

2 bl E ()= E (<))
<Xl |( B, [6)°] = B, [6)°])
< (20)"> |bal A < /6.

«

This implies that

* _ U x u x) — ! X
JEG = B W < B (W) 5 (Wa)

< E () =9 +e/3<2¢/3

x’ND,((V)
which gives us E(x,)p[yp"(Wx)] > ¢/3. By Fact A.10, we have Ex.p; [(p“(x))?] < exp(€log?).
Using polynomial regression [KKMS08|, we can draw poly((¢d)!/c?) examples from D and run
in poly((¢d)’) time to find a polynomial p such that By ) p[yp(x)] > ¢/6 and Ex.p,[p*(x)] <

exp(O(£log¢)). By Lemma 7.1 and Fact 7.2, we can round the computed polynomial p(x) into a
Boolean function h(x) such that errp(h) < 1/2 — cexp(—O(¢log¥)). O

With Lemma 7.10, we can immediately obtain the proof of Theorem 7.9.

Proof of Theorem 7.9. Notice that for every invertible affine transformation L : R¢ — R<, the class
Hr = {h(Lx) | h € H} is also a family of K-MIMs that admits degree-¢ L; sandwiching polynomials.
This implies to show the class H is (¢, exp(—O(K/{logl)),cexp(—O0(Llog¥)),C)-weakly learnable,
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we only need to show that given distribution D over R? x {41}, such that Dy is close to some
1/2-isotropic logconcave distribution D., and optp(H) is small, we can produce a weak hypothesis.

For every h € H, such that h(x) = g(Wx), with g € G, let X’ = Wx. Then, we have h(x) = g(x).
By definition of ¢ , for every logconcave distribution D’ over R, and for every a € (0, 1), there is a
pair of polynomial p* and p' with degree ¢(a) such that

P < g¥) <p°(¢), B [It() ()] < e

For every ¢ € (0,1), by choosing C' = 2(1 + ¢), we have C/2 = (1 + ¢). By Lemma 7.10, there is an
algorithm A such that given a distribution D over R?x {41}, with opt ,(H) < 1/C = (1—c¢/(1+c))/2,
it draws poly((¢d)?/c?) examples from D, runs in poly((¢d)’/c?) time and outputs a hypothesis
h with error errp(h) < 1/2 — cexp(—O(£log ) with probability at least 99%, whenever there is
some 1/2-logconcave distribution D} over R? that satisfies |Ex~p,[(W - x)’] — Exwp. [(w - x)7]| <
exp(—O(K/llog?)). Here £ = {(c/(3(1 +¢))) < £(c/6).

This means the class H is (¢, exp(—O(K/logl)), cexp(—O(£logl)),C)-weakly learnable. By The-
orem 2.8, There is an algorithm such that for every distribution D over R% x {0, 41}, such that Dy is
a logconcave distribution, and W (D) > «, and for every €, c € (0, 1), it draws (dﬁ)o(z)polyKC(l/(ae))
samples, runs in (dﬂ)O(z)ZPOIYK’c(IOg(l/(O“)) time, where ¢ = ¢(c/6), and outputs a hypothesis h such

that with probability at least 99%, errp, (h) < (1 + c)optp, (H) + €. O

7.4 Quasi-PTAS for Agnostic Partial Learning of Multi-index Models

As an important application of Theorem 7.9, we obtain a quasi-polynomial time approximation
scheme (QPTAS) for a broad class of MIMs. The main tool we use is the polynomial approximation
theory developed in [KKM13|, which gives low-degree L; sandwiching polynomials for a broader
class of MIMs. We state this theorem as follows.

Theorem 7.11 (Extension of Theorem 6 in [KKM13]). Let Dx be an isotropic logconcave distribution
over R and let f : R? — {0,1}. For every e,6 > 0, there is a pair of polynomials p', p* of degree
¢ = exp(O(d*/5* + d*log®(d/e€))), such that

Ao < ) <", B [[p"6) — G0 < e +2 P (S5

x~Dx
where S ={u € R? | Iv e R4 : |[u— v, <6, f(u) # f(v)}.

We remark that the original statement in [KKM13], only claims a slightly weaker guarantee—
namely, that there is a degree-¢ polynomial p such that |[p — f||p_; is bounded. However, obtaining
Li-sandwiching polynomials with qualitatively the same degree is&mplicitly implied from the proof.
We refer to Appendix C for the details.

Given Theorem 7.11, the QPTAS can be obtained immediately as a corollary of Theorem 7.9.
For example, by Theorem 7.7, the class of functions of K halfspaces,

Hica = {1(x) = g(h (%), hic(x)) | g+ (F1HE = {£1}, hi(x) = sign(w® - x + 1), € [K] |

admits exp(O(K*/c?))-degree L;-sandwiching polynomials, which immediately implies Theorem 7.12.

Theorem 7.12 (QPTAS for Agnostically Learning Functions of Halfspaces). There is an algorithm
that for any distribution D over R? x {0, 41} with Dy logconcave and W (D) > o has the following
performance guarantee. Given K € Z4 and €,c € (0,1), the algorithm draws (df)O(K)polyKC(l/(ae))
samples from D, it runs in (d€)OO2PWk.0080/(@) time where £ = exp(O(K/c)Y)), and outputs a
hypothesis h such that with probability at least 99%, eerf(ﬁ) < (1 +c)optp, (Hk) + €.
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A similar bound can also be obtained for the class of low-dimensional and low-degree Polynomial
Threshold Functions (PTFs), defined as

Prcm = {h(x) — sign(p(Wx)) | W € REXA WWT = Ipe, i, p : RE 5 R, deg(p) < m} .

Theorem 7.13 (QPTAS for Agnostically Learning Low-Dimensional PTFs). There is an algo-
rithm that for any distribution D over R? x {0,41} with Dy logconcave and W (D) > « has
the following performance guarantee. Given K,m € Zy and €,c € (0,1), the algorithm draws
(d€)0(£)polmec(1/(ae)) samples from D, it runs in (d0)OO 2P Kkm.(108(/ () timme yhere ¢ =
exp(O(m?O ) log™(1/¢)/e)%)), and outputs a hypothesis h such that with probability at least 99%,
eerf(h) < (L +c)optp, (Prm) + €.

Theorem 7.13 can be seen as a direct corollary of Theorem 7.11 and the result by [Lotl5],
which gives an explicit bound on the volume of examples in R? that are d-close to the zero set of a
low-degree polynomial. We refer to Appendix C for details.

7.5 Agnostically Learning Partial Linear Classifiers

In this section, we study the problem of agnostic partial learning halfspaces under logconcave
distributions. Let H = {hy(x) = sign(w - x +t) | w € S971, ¢ € R} denote the class of halfspaces
on R%. By Theorem 7.12, H already admits an agnostic partial learner that achieves (1 + c)opt + ¢
error, for any desired constant ¢ > 0, with complexity (£d)¢2Po¥e(0e(1/€) " with £ = exp(O(1/c*)).
The generic approach establishing this bound leads to a fairly large degree polynomial degree in the
sample and computational complexities, as it requires sufficiently accurate sandwiching polynomials.

In this section, we give agnostic partial learners for halfspaces that achieve error O(optp, (H)) +€
and O(optp, (H)) + € with quantitatively much better complexities. Formally, we establish the
following result.

Theorem 7.14. There is an algorithm such that for every distribution D over R? x {0, %1} such
that Dy is logconcave and W (D) > «, for every € € (0,1), it draws O(d*) poly(1/(ce)) samples, runs
m poly(d)?pob’(log(l/(o‘e)) time and outputs a hypothesis h such that with probability at least 99%,
eerf(ﬁ) < O(optp,(H)) +e.

An implication of Theorem 7.14 is that to achieve O(opt) + € error for halfspace learning, we can
avoid using the framework of polynomial approximation, which requires the algorithm to compute
higher moment tensor of the marginal distribution, but only make use of information from the first
four moments of the marginal distribution. Although this observation gives us reasonably good
sample complexity, that is polynomial with respect to all input parameters, since we need to invoke
Theorem 5.1 for our learner, this prevents us from getting a fully-polynomial time algorithm.

Our second main result in this section shows that by making use of the first two moments
of the marginal distribution, we can learn halfspaces within error log*(1/a))O(opt ;(H)) +ein
fully-polynomial time.

Theorem 7.15. There is an algorithm such that for every distribution D over R% x {0, £1} such
that Dy logconcave and W (D) > «, for every e € (0,1), it draws O(d?)poly(1/(ce)) samples,
runs in poly(d,1/(«e)) time and outputs a hypothesis h such that with probability at least 99%,
errp, (h) < O(log4(1/(ae))opth (H) +e.

Remark 7.16. We remark that if optp (H) <€, eerf(h) < log*(1/a)O (optD (H)) + €. On the
other hand, if optp (H) > €, we can choose to run the algorithm by with ¢’ = @(opth (H)), which

gives eerf(h) <log*(1/a)O (opth (H)) +e.
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To prove the above two theorems, we will prove the following structural result (Lemma 7.17).
Roughly speaking, if the first four moments of the marginal distribution Dy are close to those of
some logconcave distribution, then for every halfspace, at least a constant fraction of the examples
are constant far away from its decision boundary. On the other hand, if Dy only has its first two
moments close to some logconcave distribution DY, but it can be seen as a conditional distribution
of D over some event with mass a, then at least Q(log=#(1/a)) fraction of the examples are far
from its decision boundary.

Lemma 7.17. Let Dy be a distribution over R%. Then the following holds.

1. Suppose that there is some 1/2-isotropic logconcave distribution D, such that for a unit vector

w e ST and i € [4], |Exwp, [(W - x)] — Exwpy [(W - x)']| < 1/64, then for every halfspace of the
form h(y 4 (x) = sign(w - x + 1), Prxop,[|[W - x+1t| > 1/4] > 1/C, for some universal constant
C>1.

2. Suppose that there is some 1/2-isotropic logconcave distribution D’, such that for a unit vector

w € S¥L for i € 2], |Exwp, [(W-X)7] —EXND;([(W‘X)i]’ < 1/64, and Dx is a conditional
distribution of D} over some event A such that Pry.p;[A] = «, then for every halfspace of the
form hiw p)(x) = sign(w - x + 1), Pryop, [[w-x+t| > 1/4] > Q(log™(1/a)).

Proof of Lemma 7.17. Fix a halfspace h(y 4 (x) = sign(w - x +t). Since Dy is a mean-zero, 1/2
isotropic logconcave distribution, by Fact A.9, we have Ex.p; [(w-x)?] < 5/2 and Exp,[(w-x)*] < ¢
for some constant ¢ > 1. Let A =1/64. We consider two cases for the threshold ¢.

In the first case, we assume |t| > 4. By Chebyshev’s inequality and the moment assumption
on Dy, we have Pry.p, [|w-x| > 3] < (2.5 + A)/9 < 1/3. This implies that with probability at
least 2/3, we have |w - x| < 3. Since |t| > 4, if |w - x| < 3, it must be the case, where |w -x +¢| > 1.
This implies that with probability at least 2/3, |w - x +¢| > 1.

In the second case, we assume |t| < 4. By Paley—Zygmund’s inequality, we have for every
6 €(0,1),

(Ex~p,[(W - x +1)?])?
Pr > (1-6)2 Exop, [(W-x + 1)4]

x~Dy

(6)

w-x 4] > \/e E [(w:x+1)?]

We will next lower bound Exp, [(W - x + t)?] and upper bound Exp, [(W - x + )4] through the
moment information of w - x. Denote by piw := Ex~p; [W - x], Since [t| < 4, we have

E [(w-x+07 = B [(w-x— )+ (t+ ) + 20t + ) (w - x = )] = 1/8.

x~Dy x~Dy

Since Exp, [(W - x)?] € [1/2 — A, (5/2) + A], by Holder’s inequality, we have

E [(w-x)’]

x~Dyx

< LB B [ < f(672)+8) B (w0
If |Expy [(W- %) — Exp, [(W-x)%]| < 1/64, then we have

E [(w-x+t)]= E [(w-x)'+t" +6(w-x)%2 4+ 4t(w-x)> + 43 (w - x)] < ',

x~ Dy x~Dy

for some constant C’ > 1. Combine with (6), with § = 1/2, we have Prx.p, [|[W-x+t| > 1/4] >
1/C, for some C' > 1. This proves item 1.
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To prove item 2, by Lemma 5.7,we know that there is a degree-4 polynomial Q(x), with
Ex-p. [Q%*(x)] < O(log®(1/ev)) such that

E (w-x)'= E [Qx)(w x)"< ¢E (@(0)]_E [(w-x)% < Ollog"(1/a)),

x~Dyx x/\/D;c ND;( X/\/D;c
which implies

E [(w-x+0)f= E [(w-x)'+t"+6(w-x)*t* +4t(w - x)° +4°(w - x)] < O(log'(1/a)).

x~Dx x~Dx
Combine with (6), with § = 1/2, we have Pryup, [|W-x +t| > 1/4] > Q(log™*(1/a)). O

With Lemma 7.1 and Lemma 7.17, we can immediately obtain weak learning algorithms for
learning halfspaces. We summarize our weak learning algorithm as Algorithm 6.

Algorithm 6 HALFSPACEWEAKLEARNING(Weak learning halfspaces under structured distribution)

Input: Sample access to D, diameter parameter B > 0, advantage parameter .
Output: h : weak hypothesis over D.
hy(x):=1, h_(x):=—1,C :={hy,h_}
Draw S ~ D™ a set of m = O(d/(?) i.i.d. examples from D
Find w € B¢~! ¢ € [~ B, B] that maximize > (xy)esy(W - x + 1)) through linear regression and
define F(x) :=w-x +t.
9(%) = proj(_1) (F()/(16B%)) : RY = [-1,1
for i € [O(B?/3?)] do
Sample ¢’ uniformly from [—1, 1] and define h;(x) := sign(g(x) — t')
C+ CU{hi(x)}
10: Draw S’ ~ D™ a set of m = O(d/3?) ii.d. examples from D
11: return h := argminy,c. P xgyes Hh(x) # v}

We first show that there is a polynomial time (4,1/64, (1), O(1))-weak learner for the class of
halfspaces, which immediately implies Theorem 7.14 using Theorem 2.8.

Lemma 7.18. There is an algorithm A that draws O(d) examples, runs in poly(d) time and
(4,1/64,(1),0(1))-weakly learns the class of halfspaces with probability 99%.

Proof of Lemma 7.18. Since the class of halfspaces is closed under affine transformations, we show
that by setting the input parameter B = O(1), Algorithm 6 outputs a weak hypothesis with Q(1)
advantage in poly(d) time.

Let D be the input distribution over R%x {#1}. Let D, be a 1/2-isotropic logconcave distribution,
such that for any unit vector w € S*! and, |Exp, [(W - x)’] — Exwpy [(w - x)']| < 1/64, i € [4]. Let
B 4= = sign(w* - x + t*) be the halfspace such that errp(hw= ) = opt < 1/C, for some constant
C > 1. We first show that if |[t*| > 4, then a constant hypothesis hy(x) =1 or h_(x) = —1 must
have a constant advantage.

Without loss of generality, we assume that ¢t* > 4. By assumption and Chebyshev’s inequality,
we have

Pr [Aw+4+(x) = —1] = Pr [w"-x< —4] <1/4.
x~Dy x~Dx
Since opt < 1/C, we know that Pr(y ,y.ply = —1] < Prx<p, [hw+(x) = —1] 4+ opt < 2/5. This
implies that hy has 1/10 advantage over D. So, in the rest of the proof, we will assume |t*| < 4.
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By Lemma 7.17, we know that Pry.p, [[w* - x+t*| > 1/4] > 1/C’, for some universal constant
C'. Let F*(x) = w* - x + t*, then Exp, [hy+ ¢+ (x)F*(x)] > 1/(4C"). By the assumption on the
moment information of Dy, and [t*| < 4, we know that Ex.p, [(F*(x))?] < O(1). By Lemma 7.1,
we know that when opt < 1/C, for some constant C' > 1, we have Ey ,).p[yF™(x)] > 24, for some
B > 1/C. Thus, using standard sample complexity analysis of linear regression (see, e.g., [BM02],) by
running a linear regression over m = O(d/ %) examples drawn from D, we are able to find an affine
function F(x) = w-x+t, w € B! [t| < 4, such that Eq ) p[yF (x)] > Eqx ) on[yF*(x)] -8 > B.
By Lemma 7.1 and Fact 7.2, we know that using F'(x) and a random threshold ¢’ sampled uniformly
from [—1, 1], we can find a boolean function h;(x) that has Q(1) advantage with respect to D, with
probability ©(1).

Thus, by randomly sampling ¢, Q(1) times, Algorithm 6 finds such a weak hypothesis with high
probability. Thus, by running a standard hypothesis testing approach, Algorithm 6 outputs a weak
hypothesis as the statement. O

Combining Lemma 7.18 and Theorem 2.8, we immediately get a quasi-polynomial time algorithm
that agnostically learns a partial halfspace to O(opt) + € error under any logconcave distribution
and prove Theorem 7.14.

We remark that the quasi-polynomial time of the algorithm is due to the use of a quasi-polynomial
time moment discrepancy finder Algorithm 4 for the 4th moment. If we have a faster algorithm for
finding moment discrepancies, then the time complexity of the learning algorithm in Theorem 7.14
can be improved. On the other hand, since we can always efficiently find the moment discrepancies
for the first two moments through mean estimation and singular value decomposition, we will give a
polynomial time algorithm for agnostic partial learning halfspaces with O(opt) + € error.

To begin with, we give the weak learning algorithm for agnostic learning halfspaces under
assumptions on their first two moments.

Lemma 7.19. Let D be a distribution over R? x {41} such that there is a 1/2-isotropic log-
concave distribution D, such that |Ex.p,[(w-x)"] — Exwp[(w-x)7]| < 1/64, for i € [2] and
Dy is a conditional distribution of D} over some event A such that Pry.ps [A] = a. Let opt =
infycy errp(h), where H is the class of halfspaces. Suppose opt < log=*(1/a), then Algorithm 6
draws poly(d,log(1/a)) examples from D, runs in poly(d,log(1/a)) time and outputs a hypothesis h
such that errp(h) < 1/2 — polylog™'(1/a) with probability at least 99%.

Proof of Lemma 7.19. Let hy= 4+ be the optimal halfspace under D. We first show that if |t*| > 4,
then a constant hypothesis h4(x) =1 or h_(x) = —1 must have a constant advantage.

Without loss of generality, we assume that ¢t* > 4. By assumption and Chebyshev’s inequality,
we have

Pr [hy«+(x)=—1]= Pr [w"-x< —4] <1/4.
x~Dx x~Dx

Since opt < log™%(1/a), we know that Pr(xy~ply = —1] < Pryop, [hw=+(x) = —1] + opt < 2/5.
This implies that h4 has 1/10 advantage over D. So, in the rest of the proof, we will assume |t*| < 4.

By Lemma 7.17, we know that Pry.p, [[w* - x +t*| > 1/4] > 1/Q(log*(1/a)). Let F*(x) =
w* - x + t*, then Exp, [ho 1+ (x)F*(x)] > 1/Q(log*(1/a)). By the assumption on the moment
information of Dy, and [t*| < 4, we know that Exp, [(F*(x))?] < O(1). By Lemma 7.1, we know
that when opt < 1/Q(log?(1/a)), we have E(xy)~p[yF*(x)] > 28, for some ( > 1/Q(log*(1/)).
Thus, using standard sample complexity analysis of linear regression (see, e.g., [BM02],) by running
a linear regression over m = O(d/(?) examples drawn from D, we are able to find an affine function
F(x)=w-x+t, wc B |t| <4, such that Exy)~pVF(x)] > Ex ypylF*(x)] — 8 > 5. By
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Lemma 7.1 and Fact 7.2, we know that using F'(x) and a random sampled threshold ¢, we can find
a boolean function h;(x) that has 1/Q(log*(1/a)) advantage with respect to D, with probability
1/9(log!(1/a)

Thus, by randomly sampling ', Q(log*(1/a)) times, we find such a weak hypothesis with high
probability. Thus, by running a standard hypothesis testing approach, Algorithm 6 outputs a weak
hypothesis as the statement. O

Proof of Theorem 7.15. We will use Algorithm 6 as the weak learning algorithm 4,, and singular-
value decomposition as a moment discrepancy finding algorithm A,, used in Algorithm 1. We notice
that given any 1/2-isotropic logconcave distribution Dy with weight o € (0,1), A, is a (2,1/64,1/2)
discrepancy finder for the distribution Dy and (Dy)x with sample complexity poly(d/«) and time
complexity poly(d/«).

For every o € (0,1) and € € (0, 1), let D be any distribution over R? x {£1}, with Dy a logconcave
distribution, W(D) > ae and optp (H) < 1/Q(log*(ce)). Denote by U, the partition generated by
Algorithm 1, after it terminates. By Lemma 4.5, we know that there is a constant a > 0, such that
the choice of £ = («e)? satisfies the following property.

Let B={R €U | Prxy~p,[x € R| <&} Then, 3 pcpPrx,)~p,[x € R] <1/10. We denote
by G =U \ B and denote by M C G the set of R, where a random binary function hp is assigned.
By definition, for each R € G, we have Pr(y ,).p,[x € R] > &. This implies that the weight of Dp is
at least (ce)lte,

We show that )5 4 Pr(x,)~p, [x € R] is small. By Lemma 7.19, for each R € M, we have
Prxy~p,;[h*(x) #y | x € R] > Q(log™*(1/(c))), where h* is the hypothesis in H that achieves
optp,. Now suppose that 3 pcr Prixy)~p,[x € R] > 1/2, then we have

errp,(h*) > Z

Pr [x€R] Pr [h*(x)#y|xe€R]>Qog *(1/(ac))),
Rem XW~Di

(x,y)~ (xy)~Dy
which gives a contradiction to the fact that optp, < O(log=*(1/(ce))). Thus, we have

Pr [xe€R]>2/5.

ReG\M (xy)~Dy

Since for each R € G\ M, we have Pr(y ,y.p,[hr(x) #y | B] <1/2— log=*(1/(ae)), we know that
errp, (h) < 1/2 —log™*(1/(ae)).

As a summary, for every a € (0,1) and € € (0,1), let D be any distribution over R% x {41},
with Dy a logconcave distribution, W(D) > ae, and optp (H) < 1/Q(log*(ce)), Algorithm 1 runs
in poly(d/(ce)) time and output a hypothesis & with error 1/2 — log=*(1/(ae)).

By Theorem 3.2, we know that every distribution D over R¢ x {0,£1}, such that Dy is a
logconcave distribution, and Pr(x ,\.p[y # 0] > «, for every € € (0,1), we can call Algorithm 1
O(1/€) times to get a hypothesis with error at most O(log4(1/(ae))opth (H) +e. O

7.6 Agnostic Multiclass Linear Classification via Partial Linear Classification

In this section, we consider the problem of agnostic partial learning of multiclass linear classifiers
under logconcave distributions. In a multiclass classification problem, the label of an example is not
from {1}, but from [K] for some K > 2. A natural paradigm for solving a multiclass classification
task is to reduce the problem to binary classification. Roughly speaking, for every pair of labels
(4,7), we want to learn a hypothesis h;; to tell whether an example is more likely to have label i or
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label j. By combining these binary classifiers, we obtain a reasonably robust multiclass classifier.
We remark that even though Dy might be a well-behaved distribution, if we consider examples with
label (i, 7), their marginal distribution can be significantly different from the underlying distribution
on the entire space; e.g., a Gaussian or logconcave , under which efficient learning algorithms were
previously known in the literature. Fortunately, our notion of agnostic partial learning provides a
direct way to address this technical issue. As concrete applications, for multiclass linear classification,
we give a fully-polynomial time algorithm that achieves error O(K opt) + € over any logconcave
distribution. Furthermore, we show that by allowing the runtime to become quasi-polynomial in
K /e, we can get an algorithm with error O(K)opt + e.

As an important application of agnostic partial linear classification, we give the first quasi-
polynomial and polynomial time algorithm for agnostic multiclass linear classification under logcon-
cave distribution. To begin with, we introduce the learning problem formally.

Definition 7.20 (Agnostic Partial Learning Multiclass Linear Classifiers). Let K € Z,, K > 2.
Define My g4 = {hw(x) : R? - [K] | hw(x) = argmax;ec g (Wi - (x,1)), W € RITIXEY be the class
of K-class linear classifier(K-MLC). Let D be a distribution over R? x [K] U {0} such that Dy is
logconcave. Denote by Dy the conditional distribution of D over the event € = {(x,y) | y # 0}.
Let h : RY = [K] be a multiclass classifier and define errp, (h) = Pri,)p,[h(x) # y|. Denote
by optp, (Mkd) = infpemp , €D, (h). Given a set of i.i.d. sample access to D, and parameter

6,0 €(0,1), lzhe goal of an algorithm is to output a hypothesis h such that with probability at least
1 =4, errp,(h) < F(optp,(Mk,a)) + € for some function F : (0,1) — (0, 1).

The main result of this section is the following theorem.

Theorem 7.21 (Agnostic Partial Learning K-MLC under Logconcave Distributions). Consider the
problem of agnostic partial learning multiclass linear classifiers under logconcave distributions.

1. There is an algorithm A such that for every input distribution D over R x {[K] U {0}}, with
W(D) > a such that Dx is a logconcave distribution, it draws poly(dK/(ae)) samples from
D, runs in poly(d)2PoWIos(K/(@9)) time and outputs a hypothesis h : R® — [K], such that with

probability at least 9%, errp,(h) < O(Kopth (MKq)) + €, where M g is the family of K-class
linear classifiers.

2. There is an algorithm A such that for every input distribution D over R? x {[K] U {0}}, with
W(D) > «a such that Dx is logconcave, it draws poly(dK/(ae)) samples from D, runs in
poly(dK/(ae)) time and outputs a hypothesis h : R — [K], such that with probability at
least 99%, errp, (h) < O(log4(K/(ae)))(Kopth (MK ) + €, where Mg 4 is the class of K-class
linear classifier.

Our algorithm for learning multiclass linear classifiers is obtained via a simple reduction to the
binary case. As already noted, our reduction crucially leverages our partial learning framework.

Lemma 7.22 (Reduction of MLC to Binary Linear Classification). Suppose there is an algorithm
A for the problem of agnostic partial learning the class of halfspaces H, such that for every input
distribution D over R? x {£1,0} and € € (0,1), it draws M (¢) examples, runs in T(¢) time and
outputs a hypothesis hy, : R4 — {£1} with errp(hy) < C(€)(optp(H)) + €, where C(e) > 0 is some
constant that only depends on €. Then there is an algorithm for the problem of agnostic partial learning
of multiclass linear classifiers such that for every input distribution D x {[K]U{0}} and € € (0,1),
it draws O(K2M(e)) examples, runs in O(K2T(€)) time and outputs a hypothesis h : R — [K] such
that errp(h) < KC(e)(opt p(Mg.q)) + K2e.
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Algorithm 7 MuLTICLASSREDUCTION(Multiclass classification using binary classification)

Input: Sample access from D, accuracy parameter € > 0, halfspace learning algorithm A.
Output: i : R? — [K] hypothesis over D.
for i,j € [K],i # j do

Define D;; over R? x {i, j,0} sampled as follows. Draw (x,y) ~ D, if y € {i, j}, return (x,y),
otherwise, return (x,0)
5: Run A over input distribution D;; with accuracy parameter € and get hypothesis ﬁij :R% —
{i,5}-

6: Return hypothesis h(x) = argmax;e g S(x, ), where s(x,i) = 3, 1{hij(x) = i}.

Proof of Lemma 7.22. We show that Algorithm 7 satisfies the statement of Lemma 7.22. The sample
complexity and the time complexity of Algorithm 7 follows directly. In the rest of the proof, we
establish the correctness of Algorithm 7.

Let hy be any multiclass linear classifier. For every i # j € [K], let hi;(x) = sign((W;—W;)-(x, 1))
be a halfspace. Notice that for every x and ¢ € [K], hy(x) = 4 if and only h;j(x) = 1, for all j # 7.
To simplify the notation, we will also treat the label of h;; in {7, 7}, where h;j(x) =i if and only if
the halfspace predicts +1.

For every ¢ # j, we define distribution D;; over R? x {i,7,0} that is sampled in the following way.
Draw (x,y) ~ D, if y € {7, j}, return (x,y), otherwise return (x,0). Let h* = hy« be the multiclass
linear classifier that achieves optimal error opt over D and let h;; = sign((W; — W¥) - (x,1)). For
each pair of i # j, we have

errp,;(hi;) = Pr [hi;(x) #y,y € {i,j}]

(xvy)ND
=Y Pr [h5(x) #y, b (x) =ry € {i,}]
(x,y)~D
re[K]
< Pr [Wx)=iy=j]+ Pr [h*(x)=7jy=1]+ Pr [hW'(x)=rye{ij
KTl =iy =il o 0 =gyt 3 B ) =ry e i)

= opt;; +optj; + Z (opt,.; + opt, ;),
ré{i.j}
where opt, ; = Pr(x~p[h*(x) = r,y = i] This implies by running A over D;;, it draws M(e)
examples, runs in T'(e) time, and outputs a hypothesis h;; such that errp,;(hi;) < C(€)(opt;; +
optj; + > rgpi 1 (0PY, 5 + 0pt, ;) + €
Using the O(K?) learned iLij, we define the function h as follows. For each x and each i € [K],
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we define s(x,i) = >, ; ]l{izij(x) =i} and return h(x) = argmax;e (] s(x, ). We have

K K
errp(h) :Z( Pr [h(x)#y.y =] SZ‘ b [hji(x) # j,y = J]

j=1 G =1 iy P
1 5 .
== > Pr [hj(x)#yye{ij}
2 £~ (xy)~D
(i.d)5i%]
1
<3 C(e)(opty; +opty; + Y (opt,; +opt, ;) +€
(i.d):i#i r#{i.j}
1 K K K K 1
2
< 50(6) ZZZOptT,i+ZZZOptTJ + iK €

i=1 j=1 ri i=1 j=1r#j
< KC(e)(optp(Mrca)) + K,

where the last inequality holds by the fact that Z(i, J):ij OPbi; = opt. O
We now make use of Lemma 7.22 to prove Theorem 7.21.

Proof of Theorem 7.21. Recall that for every hypothesis A : R? — [K] and for every D over
R¢ x [K] U {0}, the global error satisfies that errp,(h) = errp(h)/W (D). Since W (D) > a, this

implies that for some € that we will choose later, if we get a hypothesis such that errp(h) <
KC(€)(optp(Mg,a)) + K¢

errp, (h) < KC(¢)(optp, (Mia)) + K€ [

By Lemma 7.22, by setting ¢ = ae/K?, suppose we have an algorithm that under every distribution
D’ over R? x {0,41}, output a boolean hypothesis hy : R? — {41}, such that errp/(hy) <
C(€)(optp/(H)) + €, which means errpy, (hy) < C(e’)(optD} (H)) + (¢/K?). then Algorithm 7, gives

a hypothesis h such that
errp, (h) < KC(¢')(optp, (Mk.a)) + €.

This implies that by running the algorithm in Theorem 7.14 and Theorem 7.15 O(K?) times, we can

get ahypotesis (h), with error err(h) = O(Koptp, (Mg q))+€ and err(h) = O(log4(K/(ae)))(Kopth (Mka))+
€, respectively. This concludes the proof of Theorem 7.21. O
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Appendix

A Probability Lemmas

Fact A.1 (Theorem 5.14 in [LVO7]). Let f(x) be the density function of an isotropic logconcave
distribution in R®. For every x, with ||x|| < 1/9, it holds f(x) > 279Xl £(0) and f(z) > 277¢.

Fact A.2 (Lemma 5.7 in [LVO07]). Let Dy be an isotropic logconcave distribution over R® and let
w € S%! be a unit vector. There is a constant C > 0 such that for every t > 0, Pry.p, [|w - x| >
t] < Ce .

Fact A.3 ([Paol2|). Let Dy be an isotropic logconcave distribution over RY, then for e € (0,1)
Py [Ixlly < ev/d] < exp (~0(a).
X~ Dx

Fact A.4 (Theorem 13 in [LV18]). Let Dy be an isotropic logconcave distribution over R% and let
g:R?T 5 R be an L-Lipschitz function, then for t > 0,

x~Dx x~Dx

Pr Hg<x>— E [g(x)]

N Lt] < exp (—Q(pt)) |

where Yp is the Cheeger constant of Dx.

As an implication of Fact A.4, we have the following tail bound for the L, norm of a random
vector drawn from an isotropic logconcave distribution.

Fact A.5 (Theorem 8 in [Lat11]). Let Dy be an isotropic logconcave distribution over RY. For p > 2
and t > 1, it holds

Pr | ||x], > C(p)td'/?| < exp(~td'/?),

X
where C(p) is a universal constant that only depends on p.

Fact A.6 (Theorem 1.1 in [AK18]). Let Dy be an isotropic logconcave distribution over RY and
p(x) : R* = R be a polynomial with degree at most k. Then, for t > 1, it holds

Pr [lp(x)| > Ve(n)* ) < e
Fact A.7 (Theorem 8 in [CWO1]). There is a universal constant C > 0 such that for Dx, an
isotropic logconcave distribution over R? and for p(x) : R* = R, a polynomial with degree k and for
€ > 0, it holds

(L/k

Eyp, [p?(x)]1/2F

Pr [jp(x)| < < Ck

Fact A.8. Let D be a distribution on R? x {0,41}, such that Dy is an isotropic logconcave
distribution. There is a constant C such that for S(x,y) an event over R% x {0, £1} and w € ST1
a unit vector, it holds

LB Iwe xSl € Pr[s(x)]log (Pr(xw[s(xyy)]) |
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Proof of Fact A.8. Let Z := w -x. Then, Z is also an isotropic logconcave distribution. For z € R,
we denote by zy := max{z,0}. Notice that for every z,s € R, we have |z| < s+ (|z| — s)4+. This
implies for every s € R, we have

B [w-x[1{Sxy}] < Pr [Sxyls+ B [(|2]-
(x7y)ND[|W x| 1{S(x,)}] (x,y)Ir:/D[ (x,9)]s (x’y)ND[(‘ | — )]

= Pr [9(x, s—i—/ Pr||Z]| > r]dr
P fsxls+ [ Brz] >
< Pr [S(x,y)]s+ Ce™?,

(va)ND

where the last inequality follows Fact A.2. By taking s = log(C/ Prx ,)~p[S(x,y)]), we get

B XSG} <€ P IStnos ().

O

Fact A.9. Let D be an isotropic logconcave distribution over R% and u®, ... u®) be k unit vectors

in R%. Then,

k ,
XED[L[l(u@ x)]| < (2k)*.
Proof of Fact A.9. By Holder’s inequality and Lemma 33 in [LV18], we have
E [ﬁ(u(“ -x)]| < H( E [[u® ~x\k]1/’“> <[] 2k = 2k)".
XD im1 NP (¢S

O

Fact A.10 (Theorem 7 in [CWO01]|). There is a constant C' > 0 such that for every logconcave
distribution D and for every polynomial p(x) with degree k, 0 < r < q < 00

max(q, 1)

(E [px)7"Vr<c E [p(x)""* V"

x~D max(r, 1) ‘x~D

In particular Ex_p[p(x)f] < (CO* Exup[p(x)2]¥/2, VL > 2, Exp[p(x)f] < (CO* Exopp(x)]’,
VE>1

Fact A.11. Let D be a 1/2-logconcave distribution over R and let p(x) = Zé cr' :R =R bea
degree £ polynomial, then

4
Sl < (CO° B [lp()]].
=0

Proof of Fact A.11. Let u = E,.p and let D(z) be the density function of D. By Theorem 5.14
in [LV07], we know that D(u) > 278 and for every x = u + z, |2| < 1/9, we have D(x) > 27%. Let
I=[pn—1/9,p+1/9]. This implies that

X X 9 X X )ax 9 ).
[ wa)lde <2 [ p@)] D)z < 2° B, ()]
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We center I, by taking y = x — p, and I’ = [-1/9,1/9]. Then, we have

= X X 9 Z)|-
[ s wldy = [ lp@lde <2 B fioo)]

Notice that ¢; = pl9)(0)/(5!). By Markov’s inequality [Sha04], we have ‘p(j) (0)| < (Ck)k max|_q 1) [p(z)] <
(C'k)F f[_l ) [p(@)] dz. This gives

l
D el < (CE)ZQCPDHP(?U)H-
1=0

O

Fact A.12. Let Dy be a 1/2 isotropic logconcave distribution on RY. Let p(x) = 2 laj<k CaX® be a
polynomial of degree at most k, where each « is a multi index. Then

> (!Ca|2 E [XM])I/QSCM E [lp(x)]],
" x~Dyx

x~D
o <k "

where Cqp, < (dzk) (Ck)Cdk qk/2 2Td,

Proof of Fact A.12. We first assume that Dy is isotropic for convenience. Let f denote the density of
Dy. By Fact A.1, we know that f(x) > 277 when |x|| <1/9. Let r = d~%/2/9 and Q, := [—r,7]%
Since Q, C B4~1(1/9), for every x € Q,, f(x) > 277 So,

x~Dyx

E xX)|| = X x)dx —Td x)| dx.
Hp( )” /d|P( )‘f( ) >2 /r|p( )|
Illis gl €s jér |p( )| d < <— 27d ExNDx“p(::)H

We next rescale x from @, to [~1,1]%. For u € R? we define q(u (ru). Then, we have

=D
q(u) = Zlalék corl®u®. Then, we have f[fl,l}d lg(u)| du = r— er Ip(x)| dx.
Let matrix M € RFXF1 such that M;; = [ | t7dt, 4,5 =0,..., k. Fori=0,...,k, define
Pi(t) = S2F_ (M ~1);;t7. Notice that

=0
. k . k
/ G dt =Y (M )im / At = (M )i M = 655
[—1,1] m—0 [—1,1] m—0
For any For a multi-index oo = (a1, ..., aq) define ¥y (u) := HZ”L:I Ya,, (Up,). Then, we have

d 1
/ v’ ¥, (u)du = H / Wrapg, (W) du, = Jags.
[—1,1)d 2o

This means c, 7 = f[_l 154 q(u)¥,(u)du. This implies

car‘o‘|

<l [ low)]du

(1,14
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Notice that for each 4, ||1;]|, < 20%1°8%) which implies that || ¥, (u)||, < 20%*d18k) Since there
are N = (dzk) multi-indices, we have

> lealrl®l < N2OkNoER =™ B [lp(x)])
la|<k )

By Fact A.9, we know that Ex.p, [x?%] < (4k)?*. This gives

2 2c 1/ !
D (leal® E BT) <Chp E (Ip&)l),

x~D ~D.
la|<k x x

where 7, < (dzk) (Ck)Cdk qk/2 2Td,

To conclude the proof, we now assume that Dy is 1/2-isotropic with mean g and covariance
matrix . Let x' = X71/2(x — ), so that x’ follows an isotropic logconcave distribution D. We
have

p(x) = Z CoX" = Z ca(SV2(x + ).

o<k lo| <k

We write g(x') = >4 < ca(ZV2(X + ) = PP ag(x’)? This means

2 20 1/2_ 2 1/2/ 1 20 1/2< o(k) 2 N2B 12
> (1ol B 51) " = X (P B, (520 +02) <220 S (10 B, ()]

x~Dy
ol <k lo| <k 1BI<k

1/2

This gives >4 <k <\ca\2 Ex-p, [XQO‘}) < 20(143)6'2”C Ex-p,[|p(x)|] and concludes the proof. O

B Omitted Details from Section 3

In this section, we give omitted details in Section 3, by presenting the proof of Theorem 3.3 from
[Fel10]. We restate the fact below.

Fact B.1 (Corollary of Theorem 3.5 in [Fel10]). Let H be a hypothesis class over R? and let A
be an algorithm with the following behavior: for every distribution D over RY x {£1} such that
minpey errp(h) < 1/2 — a, the algorithm draws m examples from D, runs in time T, and outputs a
hypothesis h such that errp(h) < 1/2 — B, with probability at least 99%. Then there is an algorithm
B with the following performance guarantee: for every distribution D over R x {1} and for every
€ > 0, B makes O(872/€) many calls to A, it runs in time poly(T, 871, ¢™1), and outputs a hypothesis
h such that errp(h) < optp(H)/(1 — 2a) + €, with probability 99%. In particular, each call to A is
defined over some distribution D' such that for every z € RY, D.(z) = Dx(z) w(z), for some weight
function w : RY — [0,1/€].

Proof of Fact 3.3. We will be consistent with the notations used in [Fell0]. For a € R, define
Pi(a) = a if |a| < 1 and P;(a) = sign(a) otherwise. Furthermore, define R(a) = a? if |a| < 1 and
2]a| — 1 otherwise. We list several properties of P; and R, which are proved in [Fell0]. For every
Boolean function f and distribution D, it holds

1. Ep[R(f)] =1 and for every real-valued function ¢, Ep[R(f — ¢)] > 0.
2. For hyg: RY = [~1,1], if (Py(f — h),g) > 2, then Ep[R(f — (h-+9))] < En[R(f — )] - 3.
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3. For h: R? — [~1,1], Ep[R(f — P1(h))] < Ep[R(f — h)]

We describe the algorithm used in [Fel10] here. Denote by f(x) = Ep[y | x|, for each x € R%.

According to the proof in [Fell0], we will also assume f is a Boolean function. We initialize
ho = 0. In each time step ¢ > 0, we will maintain a function h; : R? — [~1,1] and maintain
a distribution D; defined as follows. For each x € R%, (Dy)x(x) = Dx(x) |P1(f(x) — ht(x))| /Ny,
where Ny = |[P1(f(x) — hi(x))|[p1 and Di(y | x) = f(x). By running A over Dy, we get a weak
hypothesis g; : R? — {41} such that errp,(g;) < 1/2 — 8 and update hsy1 = Pi(hs + BN;g:). For
some A’ > 0 determined later, we run the above procedure whenever N; > A’ or a weak hypothesis
is not returned.

In particular, since Ny > errp(sign(h¢)), when Ny < A’ it must be the case where errp(sign(hy)) <
A’. Notice that this implies there is a weight function w; : R? — [0,1/A'] such that (D;)x(x) =
Dy (x)wi(x).

For each time step ¢, we have

E[Pl(f —hi)ge] = ]gHPl(f —hy)| fge] = E[fgt]Nt > 2 Ny.

Since Ny = Ep[|Pi(f — ht)|] > Ep[R(f — ht)]/3. This gives

END[R(JC —hi1)] < (thND[R(f — hy)] — 3(BNy)?
o Q2
< (X’END[R(J“ hi)](1 — B*Ny)

o A2 A/
< B IR =) - 524

This implies that after ¢ = 372(A") " log(A’)~! steps, we have E(x ) p[R(f — h¢)] < A’. By the
definition of R, this implies errp(sign(h;)) < Ex)~p[R(f — )] < A"

To conclude the proof, it remains to bound A’. When a weak hypothesis is not returned,
it must be the case that there is some h* € H such that E ,.p,[yh*] < 2a and equivalently
E(x7y)~D[h*P1(f — ht)] < 2aN;. This gives

Nt = ( ];_‘4 D[Pl(f — ht)] S 2OptD(H) + 2(1Nt,
X,Y)~

which means N; < 2optp(H)/(1 — 2a). This gives

errp(sign(hy)) = E [[f=Wf]/2< E [Pi(f = he)(f —sign(h))] < (Ve +¢€)/2 < optp(H)/(1
(x,y)~D (x,y)~D

Therefore, by setting A’ = optp(H)/(1 — 2a) + €, this concludes the proof. O]

C Omitted Details from Section 7

C.1 Omitted Proof of Extended Theorem 6 in [KKM13]|

In this section, we give the proof of the following extension of Theorem 6 in [KKM13].

Theorem C.1 (Extension of Theorem 6 in [KKM13|). Let Dx be an isotropic logconcave distribution
over R and let f : R? — {0,1}. For every €, € (0,1), there is a pair of polynomials p', p* of degree
¢ = exp(O(d*/6*) + d*log?(d/¢)), such that

Px) < f(x) <p'(x), E [Ip"(x) —p'(x)[| <e+2 Pr [S],

x~ Dy

where Ss = {u € R? | v e R?: |[u—v||, < 6, f(u) # f(v)}.
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We will make use of the following facts proved in [KKM13|.

Fact C.2. Let Dy be an isotropic logconcave distribution over RY, for every R > 0, Pryxp,[||x]|y >
R] < 29 exp(—R/32).

Fact C.3. Let f(x): R? = R be c-smooth, which means there is some ¢ > 0 such that for every k
and for every u € ST, VE £ the k-th order derivative of f in u direction satisfies HV’flfHoo <k
Then for every positive k,N, there is a degree k2~ -polynomial p such that |(f(x))N — p(x)| <
E(x) = Zjv o 2N (2 |x], V2K /(2. Furthermore, for any isotropic logconcave distribution Dy,
1Ex)|lp, 1 < 2N20@27F.

Proof of Theorem 7.11. We construct the polynomial p* and p' can be constructed by symmetry.
Recall that S5 = {u € R? | 3v € R? : |ju—v||, < 4, f(u) # f(v)}. The construction of p* will
depend on several parameters that will be determined later: ¢ > 0, a small constant, k, N € Z,
large even integers, and R > 0 a suitably large number.

For ¢ > 0, we define p.(x) = H?:l sinc(cx; /v/d), where sinc(z) = sin(z)/z, z € R. By [KKM13],
pe(x) is c-smooth, and when ||x||, < ¢~'V/d, the p. = exp(—0(c? ||x||3 /d)). For N € Z,, we define
r(x) = Cpe(x)", where C' > 0 is a constant such that [, r(x) = 1. By [KKM13], C = O(cANY?).
Follow the construction of [KKM13|, we choose ¢ = 1/256.

For R > 0, we define f*(x) = 1if [[x]|, < R+ d and x € SsU {x | f(x) = 1} and f*(x) =0
otherwise. We define s(x) := r* f*.

s(x) = ff(u)r(x —u)du.
Rd

We notice that s(x) > 0, for every x. For every x with ||x||, < R and f(x) = 1, we have
st = [ P - win+ [ £ (a)r(x — u)du
lu—x]l, <8 lu—xlly>6

Follow [KKM13]|, we choose N = max{O(d*/5*),0(d*log?(d/¢))} as an even integer so that
fu:||uH2>5 r(u)du < €/16. Such a choice implies fu:”u_x”2<5 r(x —u)du > 1 —¢/16. We claim
that for every u that is ¢ close to x, f*(u) = 1. For any such u, either f(u) =1 or u € Ss. Since
|lul| < R+ 0, by definition of f*, we have f*(u) = 1. This implies that s(x) > 1 —¢/16 if ||x|| < R
and f(x) = 1. So, for every x with ||x|| < R, we have f(x) < s(x) + ¢/16.

We next design a polynomial p(x) to approximate s(x). Since p.(x) is c-smooth, by Fact C.3, for
every u € R? there is a polynomial py(x) with degree 2"V such that

[Pu(x) — r(x +u)| < CE(x).

Define polynomial p(x f]B(RJra P—u(X)f*(u)du and we have

Ip(x) — s(x)| < / r(x —u)f*(u)du
RANB(R+9)

/ (p-u(x) - r(x — ) f* ()du] +
B(R+9)

< CE(x)(R)%.

By choosing k = O(N + dlog N + dlog R + log(1/¢)), we have HC’RdE HD 1 < €/16.

We choose P(x) := p(x) + O(R)CE(x) + ¢/16 + (||x|| /R)? for some t > 0 that will be chosen
later. If x € B(R), then we have P(x) > s(x) +¢/16 > f(x). If x ¢ B(R), P(x) > 1. So,
p* = P(x) > f(x) for every x € R%.
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It remains to upper bound [|p* — f|p, ;. We have

19" = fllpes < lls = fllp1 + ORICIE®)p, 1 + /16 + [ (Ix /R)*| 5, -

We notice that unless ||x|| > R or x € S5, we have |s(x) — f(x)| < €/16. Otherwise |s(x) — f(x)| <
1. This implies that ||s — f|lp, ; < Prxep,[Ss] + Prxep,[[[x]| > R] + €¢/16. We choose R =

O(d+1log(1/e)) and t = O(log(1/€)) to make Prxep, [|[x| > R] < €/16 and ||(||x|| /R)Q’“’HDx | < ¢€/16.
This gives 7

v < Pr [S 2.
Ip" = £lip, 1 _erIJ‘x[ sl +e/
This concludes the proof. O

C.2 Omitted Details from Theorem 7.13

In this section, we provide omitted details from Theorem 7.13. To do this, we will show that under
any isotropic logconcave distribution, the probability that a point is d-close to the decision boundary
is small. Such a result can be derived from the work [Lot15].

Fact C.4 (Theorem 1.1 in [Lot15]). Let p(x) be a degree m polynomial in R? and let S = {x € R? |
p(x) = 0}. Let D' be the uniform distribution over a ball B*(u, R), then for every § > 0

x~D’' veS

Pr [inf [Jx - v|| <] <4Z( ) (2md/R)1 (1 4+ 6/R)T 1 < 8dm24 (m + 1) 16 /R.

Lemma C.5. Let p(x) be a degree m polynomial in R? and let Dy be an isotropic logconcave
distribution over R, Let S5 = {u eERY| Iv e RY: |[u—vl, < §sign(p(u)) # sign(p(v))}, then
Prp,[S5] < (Cd)*mdlog(1/6)™~

Proof of Lemma C.5. By Theorem 1.1 in [Lot15], we have for any fixed R > 0, it holds

Pr [x € ;5] < Pr [Hx|| > R] + Pr [||XH <R,xe S5 < Pr [HXH > R] + sup Dy[x]Vol(S; N B4 L(R))

x~Dx x€R4

< Pr [|x|| > B]+ (CR)*(m + 1)*"'dmd

By choosing R = O(v/dlog(1/6)), we get Pry.p,[||x|| > R] < d, which gives Prp_[S;] <
(Cd)¥mdlog(1/6)™ =1 for some universal constant C' > 1. O

Notice that to make Pryx.p,[Ss] < €, Lemma C.5 implies that we only need to choose § =
¢/((Cd)mlog(1/e)™).
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